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Abstract 

We investigate the structure of the quantum S-ma trix for perturba tive excitations of the Pohlmeyer 
reduced version of the AdSs x 5*^ superstring following arXiv:0912.2958 The reduced theory is a fermionic 
extension of a gauged WZW model with an integrable potential. We use as an input the result of the 
one-loop perturbative scattering amplitude computation and an analogy with simpler reduced AdSn x S" 
theories with n = 2,3. The reduced AdS2 x 5^ theory is equivalent to the Af — 2 2-d supersymmetric 
sine-Gordon model for which the exact quantum S-matrix is known. In the reduced AdSa x S"^ case the 
one-loop perturbative S-matrix, improved by a contribution of a local counterterm, satisfies the group 
factorization property and the Yang-Baxter equation, and reveals the existence of a novel quantum- 
deformed 2-d supersymmetry which is not manifest in the action. The one-loop perturbative S-matrix 
of the reduced AdSs x theory has the group factorisation property but does not satisfy the Yang- 
Baxter equation suggesting some subtlety with the realisation of quantum integrability. As a possible 
resolution, we propose that the S-matrix of this theory may be identified with the quantum-deformed 
[psu(2|2)]'^ IX symmetric R-matrix constructed in arXiv: 1002. 1097, We conjecture the exact all-order 
form of this S-matrix and discuss its possible relation to the perturbative S-matrix defined by the path 
integral. As in the AdSs x case the symmetry of the S-matrix may be interpreted as an extended 
quantum-deformed 2-d supersymmetry. 
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1 Introduction 



The aim of this paper is to continue the investigation [1] [2] into the S-matrix of the Pohlmeyer reduced 
version of superstring theory on AdS^ x . One motivation is to shed light on an eventual first-principles 
solution of the AdS^ x S'^ superstring based on quantum integrability. 

We shall view the reduced AdS^ x theory as a member of a class of AdSn x iS" (n = 2, 3, 5) theories 
which are Pohlmeyer reductions of Green-Schwarz superstring sigma models based on AdSn x 5*" supercosets. 
These reduced theories [31[11[S] are fermionic extensions of generalised sine-Gordon models. Various examples 
of such bosonic models (called also "symmetric space sine-Gordon models") based on a G/H gauged WZW 
theory with an integrable potential term were considered in, e.g., [6] [T] [3 [9] HHl [H] . Due to their relation via 
Pohlmeyer reduction to classical GS superstring theory on AdSn x 5'" (and, more generally, of their bosonic 
truncations to classical string theory on symmetric spaces) there has been recent interest in these models 
[Il[Tl[Tl[Tni[TllI7l|TH]. 

Let us briefly recall the basic setup. The fields of the reduced theory are all valued in certain subspaces of 
a particular representation of the superalgebra f, whose corresponding supergroup F is the global symmetry 
of the original superstring sigma model. The latter is based on the supercoset F/G, where G is a bosonic 
subgroup of F (fixed by a Z4) and is the gauge group of the superstring sigma model. For the AdS^ x 
superstring [12] the supercoset is 

PSU{2,2\4) 
Sp{2,2)xSp{A) ■ 

The gauge group H of the reduced theory is a subgroup of G that appears upon solving the Virasoro 
constraints. The reduced theory action is a fermionic extension of the G/H gauged WZW theory with an 
integrable potential [3]P] 



5= ;-^STr 



d^x 9~^d+g g-'d^g - \ j d\ e™"' g-^d^g g'^d^g g-^dv. 
+ j d'x [A+d^gg-' - A_g-'d+g - g-'A+gA_ + t{A+)A_ + /i^ {g-^TgT - T^)) (1.1) 
-f j d^x{^^TD+^^+^„TD^^^+^lg-H^g^„) . 

Here g E G, A± £ t)—alg{H) and the fermionic fields 5*^, ^'^ take values in fermionic subspaces of f. A: is a 
coupling constant (level) and v is the index of the representation of G in which g is taken as a matrix.]^ /i 

^We choose Minkowski signature in 2 dimensions with d?x = dx'^dx^, d+ = do i: di. For algebras [n]^ = a © a, i.e. the 
direct sum. We also use the notation £ for a semi-direct sum of algebras and K for a central extension. For example, for the 
semi-direct sum o £ b we have the commutation relations: [o, o] C a, [fa, b] C b and [o, b] C b. 

^In all the theories we consider in the main body of this paper the fundamental representations of SU and Sp groups are 
used. Therefore, we have = |. In particular, as in |5], the reduced AdS^ X S"^ theory is written in terms of a single copy 
of the fundamental representation of the supergroup PSU{1, 1|2). In appendix [g] bosonic theories with G = SO{N + 1) are 
considered. For these theories with the fundamental representation one has u = 1. 
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is a parameter defining the mass of perturbative excitations near g — 1. The standard symmetric gauging 
corresponds to r = 1 (r is an automorphism of f)); for an abelian gauge group H there is an option of axial 
gauging corresponding to T{h) = —h. The constant matrix T defining the potential commutes with H (see, 
e.g., [21 [T3] for details). 

In the case of the ^^5*5 x superstring the Pohlmeyer reduced theory has certain unique features; in 
particular, it is UV-finite |20| and its one-loop semiclassical partition function is equivalent to that of the 
original ^^5*5 x superstring [2T]. This suggests [3] that it may be quantum-equivalent to the AdS^ x 
superstring. If this were the case, the Pohlmeyer reduced theory could be used as a starting point for a 
2-d Lorentz covariant "first-principles" solution of the AdS^ x superstring. The Lorentz invariance of 
(1.1) is a desirable feature as lack of 2-d Lorentz symmetry in the light-cone gauge AdSc, x superstring 
S-matrix leads, e.g., to a complicated structure for the corresponding thermodynamic Bethe Ansatz for the 
full quantum superstring spectrum (see, e.g., [2 2) and references therein). 

The form of the light-cone gauge AdS^ x superstring S-matrix (corresponding to the spin-chain magnon 
S-matrix on the gauge theory side [55]) is fixed, up to a phase, by the residual global PSU{2\2) x PSU{2\2) 
symmetry of the light-cone gauge Hamiltonian [24j[25]. This S-matrix is the starting point for the conjectured 
Bethe Ansatz solution for the superstring energy spectrum based on its integrability (see [26j). Just as for 
the standard 2-d sigma models [27] or other similar massive theories [251 IHl I2S] the starting point for solving 
the Pohlmeyer reduced theory is to find its exact S-matrix. Any proposal for the exact quantum S-matrix 
should be, of course, consistent with the perturbative S-matrix computed from the path integral defined by 
the classical action. 

This motivates the study of the perturbative S-matrix of the Pohlmeyer reduced AdSn x S"' superstring. 
In [1] we computed the tree-level two-particle S-matrix for the 8-1-8 massive excitations of the reduced 
AdS^ X 5*^ theory employing the light-cone A+ — gauge. |^ 

Remarkably, the resulting S-matrix factorises in the same way as the non-Lorentz invariant [psu(2|2)]^ kM'^ 
symmetric light-cone gauge S-matrix [M] [351 [2^ of the AdSc, x superstring. The factorised S-matrix has 
an intriguing similarity with a particular limit of the quantum-deformed psu(2|2) k M.^ invariant R-matrix 

of [5S1I37]. 

In [2] the perturbative computation was extended to the one- loop level for the bosonic part of the G/H = 
SO{N + l)/SO{N) theories defined by (1.1). It was argued that the Lagrangian describing the physical 
fields constructed from the gauged WZW model ( |1.1[ ) should be supplemented by a particular one-loop 
counterterm coming from the path integral. For the G/H = SU{2)/U{\) theory]^ the one-loop counterterm 
contributions to the S-matrix were computed in three different ways, all giving the same result. These 
contributions were precisely those needed to restore the validity of the Yang-Baxter equation (YBE) at the 
one-loop level [351 ISSl HO] and to match the exact quantum soliton S-matrix proposed in [25] . 

An alternative approach to exploring these models is based on constructing soliton solutions [TS] dl] and 
semi-classically quantising them. Assuming quantum integrability |14) one can then conjecture an exact 
soliton S-matrix. 



In this paper we investigate the quantum S- matrices for the perturbative massive excitations of the models 
(1.1 ) which arc the Pohlmeyer reductions of the AdS2 x S*^, AdS^ x 5^ and AdS^ x S^" superstring models. 



Studying the three models together turns out to be useful as it reveals certain universal features of their 
symmetries and S-matrices and thus helps to shed light on the structure of the most non-trivial case of the 
AdS^ X theory. 

The reduced AdS2 x 5^ theory is equivalent [3] to the N = 2 supersymmetric sine-Gordon model [i3illi] . 
Below we will review the construction of the exact S-matrix for its perturbative excitations [131 HH US] [33] 
and demonstrate the agreement with the direct one-loop computation of scattering amplitudes. 



^The generalised sine-Gordon models have been mostly studied in the case of abelian gauge groups |30ll31|[32ll33l . for which 
there is an option of axial gauging. In this case the vacuum is unique up to gauge transformations. In the case of a non-abelian 
H there is a non-trivial vacuum moduli space, no global symmetry and upon integrating out the gauge fields A± one is left 
with a Lagrangian that has no perturbative expansion about the trivial vacuum. This problem is an artifact of the gauge fixing 
procedure on g. If instead one chooses the light-cone gauge Aj^ = [I] one is able to construct a perturbative Lagrangian for 
the asymptotic excitations and compute the S-matrix. In the case of a non-abelian H '2^ this procedure leads to an S-matrix 
that does not satisfy YBE (already at the tree level). 

"^This theory is classically equivalent to the complex sine-Gordon theory, as seen by fixing a gauge on the group field g and 
integrating out A±. 

^In this paper by the AdS^ X and AdS2 x S'^ superstring theories we mean the formal supercoset truncations of the full 
10-d superstring theories in AdSs X 5^ X gl] and in AdS2 X S'^ X [42]. 
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In the reduced AdS^ x theory the one-loop S-matrix computed starting from the classical Lagrangian 
does not satisfy the Yang-Baxter equation, but we will show that one can find a local counterterm that 
restores the YBE and thus integrability, much like in the bosonic complex sine-Gordon theory case discussed 
in [5] . The addition of the counterterm not only restores the validity of the YBE but also ensures the group 
factorisation property and leads to a novel quantum- deformed supersymmetry of the S-matrix. The existence 
of a hidden 2-d supersymmetry in the classical reduced AdS^ x and AdS^ x theories was conjectured, 
by analogy with the ^^5*2 x S"^ case, in [3 and was recently discussed in [16] and demonstrated, at least 
on-shell, in [ITj and also off-shell for the Lagrangian (1.1) in [48J. 

Assuming that the group-factorisation and the quantum-deformed supersymmetry are true symmetries of 
the theory we conjecture an exact 2-d Lorentz invariant quantum S-matrix for the perturbative excitations 
of the reduced AdS^ x theory. The phase factor is fixed by the unitarity and crossing constraints (and is 
similar to that in the reduced AdS2 x S"^ theory). We check that the resulting exact S-matrix expanded in 
1/fc agrees with our one-loop computation. 



In the AdS]^ x case we observe that the one-loop S-matrix group-factorises in the same way as at 
the tree level in [T]. However, there is a tree-level anomaly in the YBE [H [Ij which is a general feature of 
the models ( |1.1[ ) with a non-abelian gauge group H. As in the bosonic case |5], this anomaly cannot be 
cancelled by adding a local two-derivative counterterm without breaking the manifest non-abelian symmetry, 
indicating some subtlety with a realisation of integrability. 

Motivated by the quantum-deformed supersymmetry we discovered in the S-matrix of the reduced AdS'^ x 
5"^ theory and the quantum-deformed non-abelian symmetry expected in soliton S-matrices of the bosonic 
theories [131 dH dZ] here we conjecture that the S-matrix for the perturbative massive excitations of the 
reduced ^^5*5 x 5'^ theory may be related to a trigonometric relativistic limit of the quantum-deformed 
psu(2|2) K invariant R- matrix of [36l El] which satisfies the YBE by construction.]^ The phase factor 
can be again fixed by unitarity and crossing and is the same as in the reduced AdS2 x S"^ and AdS-^ x 
theories. The one-loop expansion of the resulting R-matrix indeed has a similar structure to the one-loop 
S-matrix that we found by direct computation. 

One possibility is that the S-matrix for the perturbative excitations in a gauge-fixed Lagrangian is given by 
a certain non-unitary rotation of the quantum-deformed R-matrix. The violation of the YBE by the S-matrix 
computed directly from the Lagrangian may be related to some tension between gauge-fixing of the non- 
abelian H symmetry and the conservation of hidden charges. It is possible also that the physical excitations 
whose S-matrix is the quantum-deformed R-matrix may be some non-trivial gauge-invariant combinations 
of the Lagrangian fields. At the moment, these are speculations and it is an open question as to what is the 
origin of the quantum deformation. An alternative approach based on semi-classical quantization of solitons 
[m [13 [13 [3H] may shed more light on this issue. 



The structure of the rest of this paper is as follows. In section [2] we review the construction T] of the 



Lagrangian for the perturbative excitations of the theory (1.1) near g = \. We then present the result of 
the standard Feynman diagram computation of the one-loop S-matrix for the special cases corresponding to 
the reduced ^^52 x 5*2, AdS's x and AdS^ x theories. 

In [3] it was shown that the reduced AdS2 x 5^ theory is equivalent to the Af = 2 supersymmetric sine- 
Gordon model. In section [3] we review the known construction of the exact S-matrix for the perturbative 
excitations of the Af = 2 supersymmetric sine-Gordon model and demonstrate its consistency with the direct 
one-loop computation. We also discuss various aspects of this S-matrix, such as the phase factor and the 
symmetries that will be useful for understanding the more complicated cases of the reduced AdSn x S" 
models with n = 3,5. 

In section|4]we consider the reduced AdS^ x theory. It is shown that as in the complex sine-Gordon the- 
ory [38l [28l [2] one can add a local counterterm to restore the satisfaction of the Yang-Baxter equation at the 
one-loop order. This counterterm also restores the group factorisation property of the S-matrix which then 
exhibits a quantum-deformed supersymmetry. Motivated by an analogy with the S-matrix of the reduced 

®This is the limit |37j that has a similarity to the factorised tree-level S-matrix of 1 . For similar Lorentz invariant R-matrices 
see references in I36| . In particular, a relativistic quantum-deformed sl(2|2) invariant R-matrix was constructed in |49[ . One 
may expect 1371 this R-matrix to be related to that discussed in section [6.2| of this paper. 

'^In the reduced AdSa X and AdSs X theories the quantum deformation parameter is, respectively, q = e~-^"^/'° and 
g— 2ir/fc^ i.e. it is the coupling constant k that controls the deformation. 
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AdS2 X S*^ model and assuming quantum integrability as well as the quantum-deformed supersymmetry we 
then propose an expression for the exact quantum S-matrix for the perturbative excitations of this theory. 

In section [s] the symmetries of the reduced AdS2 x S'^ and ^^5*3 x theories are reviewed and their 
origin in the Pohlmeyer reduction of the corresponding superstring theories is emphasized. By analogy, we 
then suggest that the physical symmetry of the reduced AdSc^ x theory may be a quantum deformation 
of the [psu(2|2)]^ k superalgebra. 

In section [6] we consider the S-matrix of the reduced ^^5*5 x theory. We demonstrate that the group- 
factorisation property is manifestly preserved at both the tree and one-loop level, indicating that no local 
counterterms are required here. At the same time, the S-matrix does not satisfy the YBE, and this cannot be 
repaired by adding local counterterms. Motivated by the discussion of symmetries in section[5]we investigate 
the similarity between the factorised one- loop S-matrix and the quantum-deformed psu(2|2) k symmetric 
R-matrix of (which by construction satisfies the YBE) . We extend the trigonometric relativistic classical 
limit of this R-matrix [37] to all orders in the 1/fc expansion and conjecture that it should represent the 
quantum-deformed S-matrix of the reduced AdS^ x theory. 

Some concluding remarks are made in section [7] Appendix [X] is an extension of the review of the J\f — 2 
supersymmetric sine-Gordon S-matrix in sectiori|3] In appendix [B] we investigate the symmetries of the 
reduced AdS^ x theory. In appendix [c] we discuss the origin of the one-loop counterterm required in 
section |4] and demonstrate how it can be derived from a functional determinant. Appendices [D| and [E] give a 
detailed form of the factorised S-matrices of the reduced AdS^ x and AdS^ x theories. In appendix [f| 
we extend the classical relativistic trigonometric limit [37] of the quantum-deformed psu(2|2) k R-matrix 
of |36j to all orders. Finally, in appendix [G| we present an updated discussion of the S-matrix of the bosonic 
G/H = SO{N + l)/SO{N) generalized sine-Gordon theories studied earlier in |2]. 



2 Perturbative S-matrix to one-loop order 



In this section we find the one-loop S-matrix for the perturbative excitations of the Pohlmeyer reduction of 
the superstring theory on AdSn x 5" for n = 2,3, 5 (the tree-level term in this S-matrix was found in [1]). 
The reduced theories are fermionic extensions of a generalised sine-Gordon model (gauged WZW theory 
with an integrable potential) [31 |S] whose Lagrangian is given in 



2.1 General setup 



We parametrise the group field in ( 1.1 1 as 



g = exp(A: 4- £,) , where X e qQI), S. ^ h ■ 



(2.1) 



Following [Tl, we fix the A+ = gauge in (1.1) and integrate over The resulting constraint equation 



allows us to perturbatively solve for ^ (2.1 1, leaving the required 2(n — l)-|-2(n — 1) massive degrees of 
freedom. 

With the help of integration by parts and field redefinitions that amount to use of the linearised equations 
of motion we get the following local quartic Lagrangian Jj 



L = — STrf ^d+Xd^X 
1 



-X^ + *,ra+*, + *„T9_vl/„ + M^',*^ 



-,X,d+X][X, + [X,Tr 

][^,T, ^,][X, d+X] - ][^,, T^J[X, d^X] - ^„][X, 



(2.2) 



This quartic Lagrangian will be sufficient to compute the one- loop 2-particle S-matrix (see below). Consid- 
ering the Pohlmeyer reduction of superstring theory on AdSs x S^, where the supergroup F — PSU (2, 2|4) 



and G = Sp{2, 2) x 5*^(4), one can expand (2.2) in components [T] (rescaling the fields by W i — > £5) 



1 fj. I ^ 
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2 

TT 

2fc 



2 ^+ ^1 ^— 



ZmZmd-\-Zrid—Zn " 

)(C. 



d+ZjnZnd-Z„ 



lit," ~| I/I. it ( t ' 2 

+«M(Ch™Ci,™ + X„„Xi.„)(>'ni^n - Z„Z„) 



(2.3) 



^rnp^nq ^mq6np){(,R'mXL n^P^ 1 



XRm^Ln^pYql 



+e 



mnpq 



'.p^Lq /(-Rm^Ft n^Lp/('L q) 

m, g are 5*0(4) vector indices.]^ We have also defined the SO{N) tensor ^mnpq as 

'~imnpq 



5 Yap Sfiq 



^mq^np • 



(2.4) 
and 



i massive 



The fields Ym and Zm (which are components of X in (2.2)) are bosonic, while the fields Cnm' C 
Xltii (originating from ^f^^,^^) are 2-d Majorana-Weyl fermions. This Lagrangian describes 
degrees of freedom. 

Up to a scaling ambiguity in k, the analogous Lagrangians for the reduced AdS2 x 5^ and AdS^ x theories 
are given by restricting the indices to m,n,p,q to take the values 1 and 1,2 respectively.]^ The expansion 
of these Lagrangians to quartic order agrees with those that arise from the ~ gauge treatment up to 
field redefinitions pj. 

Below we compute the one-loop two-particle S-matrix arising from the Lagrangian ( 2.3 1 and its ^^5*2 x 
and AdSs x truncations. Following [1] we use Feynman diagrams and standard perturbative quantum 
field theory. From the quadratic part of the action one can construct the asymptotic states for which the 
spatial momentum and energy eigenvalues are related by the usual relativistic dispersion relation 



(2.5) 



In 2-d relativistic theories it is convenient to consider the corresponding rapidity related to the on-shell 
spatial momentum as 

p = 1^1 sinhd . (2-6) 

We will label the on-shell momenta of the incoming states as pi and p2, with the corresponding rapidities 
'di and 'i?2- As we are considering integrable theories, the outgoing states should have the same momenta as 
the incoming states and as the theories are relativistic the S-matrix should only depend on the difference of 
the rapidities 

= i?i - i?2 . (2.7) 

*Note that for notational convenience we are using SO{N) indi ces, see ^ for conventions. The group G here is Sp(2, 2) X S'p(4) 
and thus the index of the fundamental representation in is equal to | . For a discussion of the normalisation of k see 



|. The reason being that in this case G = SU{1, 1) X 51/(2) 



footnote |9] below. 

^For the reduced AdS^ X theory we should also rescale k , ^. 
and the dual Coxeter number of SU{2), cgu^2) = 2 is twice that of 50(3), cgQ(3) = 1. For the reduced AdS^ X theory we 
have G = Sp(2,2) x S'p(4). The dual Coxeter number of 5p(4), 05^(4) = 3 is equal to that of SO(5), £50(5) = 3. Therefore 
the reduced AdSs x theory should have fc — ^ ^ compared to the G/H = SO{3)/ SO{2) theory in [2], whereas the reduced 
AdSs X model should have the same normalisation of k as the G/H = SO{5)/SO{A) theory of [2|. For the reduced AdS2 x 
case the group G is abelian and thus there is no quantization of k, i.e. it can be arbitrarily rescaled. For convenience we will 
assume the same normalisation as in the reduced AdSs X theory, i.e. we will rescale fe — > ^ in ( |2.3| . This is also the same 
normalisation as when one takes u = ^ in \1A\ . 
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In the reduced AdSn x S*" theories there are 16 (x(n — 1)^) two-particle states given by 

\yni{Pl)Yn{p2)) , \Zm{Pl)Zn{P2)) , I Cm (Pl )Cn fe)) , IXm (Pl )Xn (P2 )) , 

\ym{Pl)Cn{P2)) , \Cm{Pl)Yn{p2)) , | (pi )x„ fe)) , |Xm (Pl fe)) , 

\Ym{Pl)Xn{P2)) , \Xrn{Pl)Yn{p2)) , | (Pl )Cn (P2 )) , \Cm{Pl) Zn{p2)) , (2.8) 

\Ym{pi)Zn{p2)) , \Z„^{pi)Yn{p2)) , I Cm (Pl )X« fe)) , IXm (Pl )Cti (P2 )) ■ 



Naively we have 256 amplitudes in the two-particle S-matrix; however, from the Lagrangian (2.3) we see that 



at the tree level there are selection rules such that the four rows of two-particle states in (2.81 only scatter 
amongst themselves. This is a consequence of symmetries that are not manifest in the Lagrangian (2.3), as 
such these selection rules apply beyond the tree level. We therefore have 4^ x 4 = 64 non-zero scattering 
processes. The symmetries are discussed in greater detail for each of the particular theories in later sections. 

We will list 40 of these amplitudes for each of the AdSn x reduced theories, from which the remaining 
24 ones can be easily derived. For example, to compute BmnpqiO) in 

S \CmiPl)Ynip2)) = B„iO) \Ypipi)Cg{p2)) +-.. , (2.9) 

where S is the 2-particle S-matrix operator and the dots stand for other possible terms, we may use the fact 
that we know Amnpqif^) in 



S \YmiPl)CniP2)) = A^^pgid) \CpiPl)Yg{p2)) +...=» S \C,n{P2)YniPl)) = A„iO) l^p (p2 )Cg (Pl )) + 

^ § \U{Pl)Yn{p2)) = A*„{~0) \YMQ{p2)} 



(2.10) 



implying that 

Branpq{0) = A*„^p(-6I) . (2.11) 

Clearly, if two fermions are passing through each other in ( 2.10[ ) we pick up a factor of —1. 



As the reduced AdSn x S" theories are classically integrable (there exists a Lax connection [3]) we expect 
them to be quantum-integrable so that the two-particle S-matrix operator should satisfy the Yang-Baxter 
equation 

Sl2(ei2)Sl3(^13)§23(023) =§23(e23)§13(ei3)Sl2(ei2) (2.12) 

Here the triple operator products should be understood as acting on a three particle state with rapidities 
1^1, '!^2, '&3- The subscripts on § label which particles in the state it is acting on, while the quantities 9ij 
denote the rapidity differences, 

% = 1?, - . (2.13) 
We therefore have the usual relativistic relation 

Ol3 = Oi2 + 023- (2.14) 



For the reduced AdSn x S'" theories where we are scattering fermions and bosons (2.12) will have some 
fcrmionic grading as well. 

If we consider the S-matrix to a particular order in the weak coupling {j: ^ 1) expansion, say 0{k^'"'^^), 
then the corresponding order of the Yang-Baxter equation is ©(/c^"): the contribution of the 0(/c^") part 



of the S-matrix to the 0{k ") part of the Yang-Baxter equation (2.12) vanishes trivially. 



2.2 One-loop results 

Below we will present the results of the direct one-loop computation of the two-particle S-matrix for the 
reduced AdSn x 5" (n = 2,3,5) theories. We use standard Feynman diagram techniques starting with the 



Lagrangian (2.3) or its various truncations. 

The reduced AdS^ x S^ theory is UV- finite [20]. Also, it was shown in [3] that the reduced AdS2 x 5^ theory 
is equivalent to the Af = 2 supersymmetric sine-Gordon theory and thus is UV-finite as well. Semiclassical 
computations as in [3T] provide a check that the reduced AdS^ x S^ theory is also UV-finite, at least to 
the two-loop order. Thus in contrast to the purely bosonic theories there is no renormalisation of the mass 
parameter p,. 
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Figure 1: Bubble diagram 




Figure 2: Tadpole diagram 



To compute the one-loop S-matrix one need only consider the Feynman diagrams of the form in Fig.l. 
This is because the finite part of the tadpole diagrams in Fig. 2 arising from the sextic terms in the Lagrangian 



(2.3) will vanish in 2-d. Due to the form of the fermion-boson and fermion-fermion interactions the (gauged 
WZW model based) theories we consider here are naturally defined only in 2 dimensions so that dimensional 
regularisation is not suitable. Instead we assume a direct momentum cut-off and ignore divergent terms. 
They should cancel against the contributions of tadpole diagrams coming from the sextic tadpoles, as the 
theories are UV-finite. 

Below we will list the expressions for the one-loop S-matrices in each of the three reduced AdSn x S"" 
theories. It will be useful to extract the factor 



Po{9,k\c) = 1 + c 



TT cosech 6 
2fc2 



{i [2 -f (iTT - 261) coth e\-TT cosech 9 



(2.15) 



from the one- loop S-matrix (with different values of the constant c depending on the theory). This will set 
the YmZn — > YjnZn and (mXn — > (mXn amplitudes equal to one, at least to one-loop order. 

2.2.1 Reduced AdS2 x theory 



Let us start with the Lagrangian (2.3 1 and restrict the indices m, n,p, q to only take a single value and rescale 
fc — >■ I . The resulting Lagrangian is then that of the reduced AdS2 x theory |3l [1] expanded to quartic 
order 



-d+Yd-Y - ^Y^ + -d+Zd-Z - ^Z^ 
2 ^ 2 2 + 2 

It It 



(2.16) 



- + y^' + *m(CC. + XrX.){Y^ - Z^) + 2*Ai(Cx. - XaQ,)Yz] + 0{k-^) . 



The resulting one-loop S-matrix is found to have the following structure: 
Boson-Boson 



§ \Y{p,)Y{p2)) =fi{e, k) \Y{p,)Y{p2)) + h{0, k) \Z{p,)Z{p2)) 

+ W, k) |C(Pi)C(P2)) + h{e. k) \x{pi)x{P2)) 
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§|z(pi)z(p2)) =h{e,~k)\z{pi)z{p2)) + Me,-k)\Y{p,)Y{p2)) 
+ hie, -k) |x(pi)x(P2)> + h{0, ~k) \C{pi)C{P2)) 

S \Yip,)Z{p2)) =Ue, k) \Y{p,)Z{p2)) + fS^ - 0, k) \Z{p,)Yip2)) 

+ f7{o, k) |C(Pi)x(P2)> - h{e, k) \x{Pi)C{P2)) 



Boson- Fermion 



§ |r(pi)C(p2)) ^U{0, k) |y(pi)C(P2)> + ^k{^^^ - k) \(:{p,)Y [p^)) 

+ h{e, k) |z(pi)x(P2)> + iMiTT - e, k) \xipi)z{p2)) 

S \Y{pi)xiP2)) =U{0, k) \Y{p,)x{p2)) + */6(*7r - 9, k) \x{pi)Y{p2)) 

- h{e, k) |Z(pi)C(P2)) - ^f^{^^ - 0, k) |C(Pi)^(P2)) 
S \Z{p,)C{p2)) =U{0, -k) \Zip,)Cip2)) + tfei^TT - d, -k) \aPi)Z{p2)) 

- fsie, -k) \Y{p,)x{p2)) - */7(*7r - e, ~k) \xipi)Yip,)) 
S \Z{p,)xiP2)) ^h{0, -k) \Z{p^)x{P2)) + ifS-^ - -k) \x{Pi)Z{p2)) 

+ h{e, -k) |r(pi)c(p2)) + ih{i^ - 6, -k) \api)y{p2)) 



Fermion- Fermion 



sic(Pi)c(P2)) = f2{0,k)\api)ap2)) - .h{o,k)\x{pi)x{P2)) 

+ h{e, k) \Y{p,)Y{p2)) + -k) \z{p,)z{p2)) 
s \x{pi)x{p2)) =f2i9, -k) \x{pi)x{P2)) - h{e, -k) |C(Pi)C(P2)) 

+ h{6, -k) \Z{p,)Z{p2)) + W, k) \Y{p,)Y{p2)) 

s IC(Pi)x(P2)) ^hie, k) |C(Pi)x(P2)) - h{i^ - e, k) |x(pi)C(p2)> 
+ h{e, k) \Y{p,)z{p2)) + h{e, k) \z{p,)Y{p2)) 



Functions 



,N 1 2i7r , ^ TTCOsech^ f ,n ,\ , Trcosech^^ 
/i(e',fc) =1- — cosech6i p +0{k 3), /2(6»,fc)=l + +0{k 3), 

h{9,k) =l + 0(k-'^), fAd^k) =1 - *^coscch6' + C'(fc-3)^ 

k 

^) =^ sech^^ + 0(fc-3) , /6(0, A:) =^ sech ^ + ^ cosech^sech ^ + 

/7(^, fc) =^ cosech - + Oik-') , hie, k)=-^ cosechfl + Oik-') . 



The 8 functions are related to fi entering § by the phase factor poiO, k ; 1) defined in (2.15) 

hie,k)=poie,k-i)hie,k) . (2.17) 

Here the 1/fc terms in fi represent tree- level contributions to the 2-particle S-matrix (fc is the overall coefficient 
in ( |1.1[ ), see also (2.3 1) and the 1/fc^ terms - the one-loop contributions. 

2.2.2 Reduced AdS'i x S' theory 



Here we start again with the Lagrangian (2.3 1, rescaling fc — ^ | and restricting the indices m,n,p,q to take 
the values 1 and 2 (so they become iS'0(2) vector indices). The resulting Lagrangian is then that of the 
reduced AdS^ x 5'^ theory O H] expanded to quartic order 

•^3 = 2^+^™'^^^" ^YjyiYjn + —d+Zfnd-Zfn —Z^Zm 

II It 



TT r 2 2 /i^ 

- -Y^Y^d+Ynd-Y,, + -y„9+K„,y„a_r„ - -r„r„y„r„ 
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+MCRmCLm + XRmXLm)0^nYn - Z^Z^) 

-2in{SmnSpq - SmpSnq - 5mq^np){C,RmXLrJp^1 " XRmCi,„^p^q) + 0{k~'^) 



The corresponding one-loop S-matrix is found to be: 
Boson-Boson 



S |F™(pi)F„(p2)) =flmnpq{0, k) \Yp{pi)Yq{p2)) + hmnpq{0, k) \Zp{pi)Zg{p2)) 

+ hmnpq{0, k) |Cp(Pl)Cg(P2)) + hmnpq{0 , k) \Xp{Pl)Xq{P2)) 
§ \Zm{jPl)ZM) =flmnpq{0, -fc) \Zpip,)Zg{p2)) + hmnpq{0, -k) \Yp{pi)Yq(p2)) 

+ femnpqiO, -k) \Xp{Pl)Xq{P2)) + f&mnpqid, -k) | Cp (Pl (P2 )) 

S \Ym{jPl)Zn{p2)) =hm7ipq{0, k) \Yp{pi) Z q{p2)) + fdmqpniiT^ - 0, k) \Zp{pi)Yq{p2)) 
+ hm.npq{d, k) \Cp{pi)Xq{P2)) " hm.npq{0, k) \Xp{piKq{P2)) 



§ \ym{Pl)Cn{P2)) =f4mnpq{0, k) |Fp(pi)Cq(p2)) + if&mqpn{m - 6, k) \Cp{Pl)Yq{p2)) 

+ fsmnpqiO, k) | (pi )Xg (p2 )) + i f? rnqpniiT^ - 0, k) \Xp{Pl) Z q{p2)) 
'^\Ym{pi)Xn{P2)) =f4mnpq{0,k) \Yp{pi)Xq{p2)) + if6mqpn{iTT - 9, k) \Xp{Pl)Yg{p2)) 

- fsmnpqiO, k) \Zp{pi)Cq{p2)) - ihmqpniiT^ " 0, k) \C,p{pi)ZqlyP2)) 
§ \Zm{Pl)C,n{P2)) =f4mnpq{0, -k) |Zp(pi)Cq(p2)) + ihmqpniiT^ - 0, -k) \Cp{pi)Zg{p2)) 

- fsrnnpqiO, -k) \Yp(pi)Xq{p2)) ~ j/7mgp«(«7r - 9, -k) \Xp{Pl)Yq{P2)) 
S \Zmipi)Xn{P2)) =fimnpq{0, -k) \Zp{pi)Xq{p2)) + ifdrnqpniiT^ - 9, -k) \Xp{pi) Z q{p2)) 

+ hmnpqiO-, -k) \Yp{pi)C,q{p2)) + iflrnqpniiT^ " 0, -k) \C,p{pi)Yq{p2)) 



S|Cm(Pl)Cn(P2)) =f2mnpq{d,k) \Cp{pi)Cq{p2)) - hmnpq{0,k) \Xp{Pl)Xq{P2)) 

+ femnpqiO, k) \Yp{pi)Yq{p2)) + f&mnpqifi, -k) \Zp{pi)Zq{p2)) 

S|Xm(Pl)Xn(P2)) =hninpq{9,-k) \Xp{Pl)Xq{P2)) - .hmnpqiO , -k) \Cp{Pl)Cq{P2)) 

+ f6mnpq{9, -k) \Zp(pi) Zq{p2)) + fernnpq{0, k) \Yp{pi)Yq{p2)) 

§ ICm(Pl)Xn(P2)) =hmnpq{0, k) \Cp{Pl)Xq{P2)) - f^rnqpniiTT - 9, k) \Xp{PlKq{P2)) 
+ hmnpq{6, k) \Yp{pi) Z q{p2)) + hmnpq{6, k) \Z p{pi)Yq{p2)) 



Boson- Fermion 



Fermion- Fermion 



Functions 





{in — 29) cosech ^0 — — coth 9 cosech 9 
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2 

/ ITT TT \ 

f4mnpq{0, k) =(5„p(5„q(^l - — coscch 6* - ^ j 



, cothe*- — (i7r-2e')cosech^6'+ — coth 6* coscch 61 + Oik-^) 
k k'^ ' 



/5m«pg(6', fc) =^ sech - (^mn<5pg + em„ej,g)- p-eTO„epg ( cosech 6* - coth 6*) + O (fc ) , 

fj^mnpq{^ J k) '2k'^ SGcll ~{^mn^pq ^nui^pq) ~j^^mn^pq COSGcll ^ ^ (D{k ) , 

femnpqiS, k) ^ech - - — sech - tanh - j {6,nn5pq + errmep<,)+ ^ emriEpg sech - + 0{k' 

flmupqiS, k) =^ COSech 2 ( ~ ^mn^pq + ^mp^nq + ^mq^np) + ^^(fc , 



-3\ 



As in the previous case (2.17) the 10 tensor functions {fi)mnpq are related to {fi)mnpq by extracting the 



scalar phase factor po(f^j k]2) (2.15) 



f,{e,k)=po{e,k-2)h{e,k) . (2.19) 

Here the YY ZZ and CCXX amplitudes are not related in the same way as they were in the AdS2 x case 
(the functions and /g are not equal). 

This one-loop S-matrix does not satisfy the Yang-Baxter equation. Similarly to the complex sine-Gordon 
case |381 [2] one can find a local quartic counterterm whose contribution cancels the underlined terms in the 
above S-matrix cocfhcicnts Ji and thus restores the validity of the Yang-Baxter equation at the one-loop 
order. Adding this counterterm also restores the equality between the coefficient functions /s and /g. This 
will be discussed in detail in section ID 

2.2.3 Reduced AdS^ x S"^ theory 



The one-loop S-matrix computed starting with the Lagrangian (2.3) is 
Boson-Boson 

S \Yjn{Pl)Yn{p2)) ^flrnnpq{0, k) \Yp{pi)Yq{p2)) + fbmnpqiO, k) \Zp(pi)Zq{p2)) 

+ ft rnnpqiO, k) | Cp (Pl )Cq (P2 )> + {0,k) \Xp{Pl)XqiP2)) 

§ \Zrn{Pl)Zn{P2)) =/lmnpg(^, -k) \Z p(pi) Z q{p2)) + fbrnnpqiO, -fc) \Yp{pi)Yq{p2)) 

mnpq {e,-k)\Cp{p,)Cq{p2)) 

S \ym{Pl)Zn{p2)) ^hrnnpq{0, k) \Yp{pi) Z q(p2)) + fbmqpniiT^ " 0, k) \Zp{pi)Yq{p2)) 
+ fimnpq{e,k)\Qp{p,)Xq[p2))-f7 mnpq 

{e,k) \Xp{Pl)Cq{P2)) 

Boson- Fermion 

§ \Ym{Pl)Cn{P2)) ^ftrnnpqiO, k) | l^p (pi )Cg (P2 )) + iftmqpn{m - 6, k) \Cp{Pl)Yq{p2)) 

+ fsrnnpq{d, k) \Zp{pi)Xq{P2)) + if^rnqpniiT^ " k) \Xp{Pl) Z q{p2)) 
§ |>^m(Pl)Xn(P2)) ^fiynnpq{d, k) |lp (pi )x<? (P2 )) + if^inqpniiT^ " 0, k) \Xp{pi)Yq{p2)) 

- fsmnpq{0, k) \Zp{pi)(q{p2)) - ifj mgp„(i7r - 0, k) \Cp{pi)Zq{p2)) 
§ \Zm{Pl)Cn{p2)) =fimnpq{d, -k) | ^p (pi (P2 )) + i fe niqpn{iT^ - -k) | Cp (Pl ) (P2 )) 

- fsmnpqiO, -k) |Fp (pi )Xq (p2 )) - if^ mqpn{iTT - 0, -fc) \Xp{Pl)Yq{P2)) 
S \Zrn{Pl)Xn{P2)) ^ ft 7nnpq{0 , -k) \Zp{pi)Xq{p2)) + iftmqpn{iTr - 0, -k) \Xp{pi) Zq{p2)) 
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+ fs mnpq{0, -fc) | (pi ) Cg (P2 ) ) + j/7 mgpn(«7r - 9, -k) | Cp (Pl ) ^^g (P2 ) ) 

Fermion-Fermion 

S|Cm(Pl)Cn(P2)> ^l2rnnpq{d,k) |Cp(Pl)Cg(P2)> " hrnnpq{0,k) \Xp{Pl)Xq{P2)) 

ninpq 

{0,-k) \Zp{pi)Zq{p2)) 

S IXm(Pl)Xn(P2)) =/2 mripq {S, ~k) \Xp{Pl)Xq{P2)) - fb rnnpq {0,-k)\Cp{pMp2)) 

+ fernnpqiO, -k) \Zp{pi) Zq{p2)) + fgrnupqiO, k) \Yp{pi)Yq{p2)) 
^\C,7yi{Pl)Xn{P2)) =h mnpq 

{e,k) \Cp{pi)xq{p2)) - /s rnqpn 

{iTT-9,k) \Xp{Pl)Cq{P2)) 
+ fr mnpq{0, k) \Yp{pi) Z q{p2)) + /f r,inpq{0 , k) \Zp{pi)Yq{p2)) 

Functions 

o 

fiinnpq{d, k) =5„p^„g(l - — cosech 6* - — ) 

ZTT TT IT 

+ <^mn<5p(}(-j- coth 6* + — {{{in — 6) ( cosech 9 — cothfl) cosech 9)) 

+ SmqSnp ( " TT coth ^' + "T^ " IT ( cosecli 6* + coth 9) cosech 6*)) + 0{k^^) , 

2 

f2mnpq{^-)k) ^Smp^nqi^ ^^^■^ ~ ^rnnpQ COtll ^ 

TT TT 

+ Sm7i^pq{T^{—'i'^ + — (cosech^ — coth^) cosech^)) 

+ SjnqSnp{^{-i{iTT -9) + ^ ( coscch 6' + coth 6*) cosech 6*)) + 0{k^^) , 

fsmnpqi.^ ■) ^) ^mp^nq 0{^k ) , 
firnnpqid, k) =5^p5nq{l - ^ COSech 6* - ^) 



+ ((^mnl^pg - ^mgl^np T '^mnpq){^ COth 6* + ^ (^^ " 26*)) + 0(fc~^) , 
7^2 

hninpq{0,k) = ^ (5m„ (5pq SCch ^ - + ©(fc^^) , 

femnpqiO, k) ^ - Jj^^^n^pq coscch ^(1 + tanh^ ^) 

+ ('^mn'Jpg + 5mp5nq - S^qSnp ± emnpg)(^ SCch - + — COSCch -) + 0{k^^) , 

f'j mnpqi^^ ^) — COSCch '^(^Smp^nq ~^ ^mq^np ^mn^pq ~F ^mnpqj ^" (D{k ) , 

'± 3 
mnpqi^ J ^) — ^ (^mn^pg ~^ ^mq^np ^mp^nq i ^mnpq) ~^ 0{k ) , 

Here again we extracted the phase factor po{9, k ; 1) defined in ( 2.15[ ), i.e. aU /j in the S-matrix are given 
in terms of the corresponding fi by 



f,{9,k)=po{9,k-l)U{9,k) . (2.20) 

The 1/fc terms in fi are tree-level contributions found in [T] while terms are new one-loop contributions 
computed here. 

For the reduced AdS^ x theory the YY ZZ and CCXX amplitudes are related in the same way as they 
were for the reduced AdS2 x 5^ theory, i.e. in contrast to the AdS^ x £1^ case, here /s = f^. This equality 
could be related to the group factorisation property of the perturbative S-matrix [5] and may be suggesting 
the presence of a hidden fcrmionic symmetry relating bosons and fermions (see also below) . 

3 S-matrix of the reduced AdS2 x 5^ theory 

In [3] the reduced version of the AdS2 x S*^ superstring model based on the g = so(i^iyx^SO(2) supercoset was 
shown to be equivalent to the A/" = 2 supersymmetric sine-Gordon model, whose exact S-matrix is known, 
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[45l l46l l43l |44] . In this section we review this S-matrix and check that its perturbative expansion indeed 
matches the one-loop result found in section [2 .2.11 

We also identify certain key features of this theory that will be useful in analysing the reduced AdS3 x 
and AdSs x theories. In particular, there is a specific phase factor that also plays a role in the reduced 
AdS^ X S*^ theory. 



3.1 Symmetries 

Since in the reduced AdS2 x S"^ theory G — SO{l, 1) x 5*0(2), the gauge group H is trivial and therefore the 
theory has no manifest bosonic symmetry (gauge or global), other than the usual 2-d Poincare symmetry. 



Parametrising the group field g in terms of an algebra- valued field (2.1) and expanding out the Lagrangian 



(1.1) in components we get 



An 



d+<j)d-4> + d+Lpd-Lp + — (cos 2(y9 — cosh 2(j}) + i ad-a + i Sd-S + i vd+v + i pd+p 



— 2z/i( cosh (/icos (yj (z^5 4- pa) -|- sinh 0sin (y5(— (0(5 + t^a)) . (3.1) 
Here (/), Lp are real bosonic fields and a, J, p are real (hermitian) fermions. Expanding this Lagrangian to 



quartic order one finds agreement with (2.16) up to simple field and coupling constant redefinitions. 

Furthermore, this Lagrangian is exactly that of A/" = 2 supersymmetric sine-Gordon theory [3], i.e. this 
theory has Af = 2 2-d worldsheet supersymmetry. The J\f — 2 supersymmetry algebra can be represented 
in the following wayp°| 

so(l,l) € [psu(l|l)]2 X (3.2) 

The superalgebra psu(l|l) has two anticommuting fermionic generators and no bosonic generators. The 
central extensions correspond to the light-cone combinations *P± of the 2-momentum components, i.e. the 
commutation relations can be written as 

{Qj^,Qi} = 0, {Q^, = , {£11, Qi} = 5^^^^ , *,j = l, 2. (3.3) 

The origin of this Af — 2 2-d supersymmetry in the AdS2 x reduced theory appears to be in the global 
target space supergroup used in the construction of the AdS2 x superstring theory as a supercoset GS 
sigma model. In particular, in the Pohlmeyer reduction W the fermionic fields were redefined in such a way 
that they became charged under the 2-d Lorentz symmetry of the reduced theory (the original GS fermions 
were 2-d scalars). 

We shall assume the scattering states of the theory to be eigenstates of the momentum operator. As the 
direct-sum superalgebra [psu(l|l)]^ commutes with the momentum generators we expect the scattering states 
at fixed momenta to transform in a bi-representation of this direct sum. Furthermore, as we are dealing with 
an integrable theory we expect the S-matrix to factorise under the corresponding direct-product symmetry 
structure l43ll44l. 



3.2 Group factorisation of the S-matrix 

To confirm that the one-loop S-matrix of section |2.2.1| agrees with the perturbative expansion of the exact 
Af — 2 supersymmetric sine-Gordon S-matrix [12 ^] we relabel our states as follows 

|Z) = |ci>oo), |x) = l$oi), 

\Y) = |ci>n) , 10 - I'i'io) . ^ ' ' 

The Af — 2 supersymmetry can be understood as two anticommuting (up to central extensions) Af — 1 
supersymmetries that act on different indices of \^aa) {a, a, ... — 0, 1). We also take to be a bosonic index 
and 1 to be a fermionic index, so that the gradings are 

[0]=0, [1]-1. (3.5) 

^"Our notation for scmi-dircct sums and central extensions is defined in footnote [l] Also, [p£iu(l|l)]2 stands for p5u(l|l) 
psu(l|l). 
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The S-matrix can then be parametrised in the following way 



(3.6) 



As the reduced AdS2 x S*^ theory is integrable we expect (as discussed in section 3.1 ) the S-matrix to factorise 
under the direct-product symmetry group structure (3.2 1 as follows 



S^ZiS^k) = (-l)MW+HM5s(0,fc)5^f(0,fc)52^(^>^) 



(3.7) 



Here, following [33], an overall bosonic factor S'b(6', k) has been extracted. The J\f = 2 supersymmetric sine- 
Gordon S-matrix can be understood as a supersymmetrisation of the corresponding bosonic sine-Gordon 
S-matrix ,44 , AQ . Therefore, we take this factor to be the same as the sine-Gordon perturbative excitation 
S-matrix. Its expansion to the one-loop order is 



Sb(0, k)^l + — cosech 61 - — cosech ^9 + ©(/fc-^) 
k fc^ 



It is useful also to represent the factorised S-matrix (3.7) as acting on a single field as 

§|$,(pi)$b(P2)) = s'J{e,k) \MpMp2)) , 



(3.8) 



(3.9) 



where $o is a bosonic and $1 is a fermionic state (cf. (3.5)). The one-loop S-matrix of section 2.2.1 has 
the factorised structure (3.6). Taking into account the bosonic factor (3.8), the one-loop amplitudes of the 
factorised S-matrix are then given by 



5^?(0,fc)= po{e,k) sitie.k) 



(3.10) 



where 



£'^^'(61, fc) = 1 + cosech 6* -f 0(fc-^) , 



S^UO,k) 



k 



-gsech^+0(fc-3)^ 



S°l{0,k) = l + 0(fc-3) 



The overall factor that was extracted (see (3.7|) 



Po(^, fc) = 1 — cosech ( 



TT cosech 9 
4fc2 ' 



5-11(6/, fc) = 1- — cosech 61-1- ©(/fc-^)^ 
k 

5??(0,fc) = -|sech^+O(O, 
5o\°(^>fc) = ^ cosech ^+0(fc-3). 



((2 + {in - 29)coth9) - 37r cosech 6*) 



(3.11) 



(3.12) 



satisfies the following equation 

SB{9,k) [po{0,k)]^ =Po{0,k;l) + 0{k-^), (3.13) 

i.e. it matches the phase factor in section [2. 2. 1| 

Note that the choice of the phase factor (3.12) implies that SQl{9,k) = 1 at the one-loop order. This 
structure continues to hold to all orders, i.e. translating the factorised form ( |3.7[ ) back to the original notation 
of section [2.2.1 1 we conclude that the YZ YZ and (x ~^ Cx amplitudes are precisely equal to 



83(9, k) [s°l{e,k)y 



(3.14) 



This is thus a natural choice for the phase factor and it will be useful also in case of the reduced AdS5 x 
theory discussed below. 



l^The exact S-matrix for the sine-Gordon perturbative excitation is given by 

sinh 9 + i sin A 



sinh 9 — i sin A ' 

where A is a function of the couphng k. In = 2 supersymmetric sine-Gordon this function is A = ^, see 1431 1441 and below. 
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It can be checked that the one-loop S-matrix (3.9) and (3.111 satisfies the Yang-Baxter equation to 
one-loop order. In terms of the tensor S^f{6, k) the YBE can be written as 

^ [(-l)[''lM+['^lb]+W[/]5^^9(0^2,fc)^*(0^3,fc)5e/(^^^^^) 

g,h,i=0 (3.15) 

_ (_i)W[/l+MW+H[e]5«(023^ k)Sl|{e^:,,k)Sil{e^2, k) 



As an immediate consequence, the graded tensor product of two copies of the S-matrix (3.7) will also satisfy 



the YBE. Therefore, the one- loop S-matrix computed in section [2.2. 1| satisfies the YBE as expected 
3.3 M = 1 supersymmetric sine-Gordon S-matrix 

In the next two subsections we shall review the construction of the exact J\f ~ 2 supersymmetric sine-Gordon 
S-matrix |44j . The first step is to find the Af = 1 supersymmetric sine-Gordon S-matrix [46l |45] . The M — 1 
supersymmetric sine-Gordon Lagrangian describes one bosonic and one fermionic degree of freedom. We 
will be interested in the S-matrix of these excitationsEEl that can be denoted as 

10) and IV") . (3.16) 

The J\f ~ 1 supersymmetry transforms (f> ^ tp. 

The S-matrix for this theory was first constructed in i45^ where it was diagonalised using the following 
change of basis of two-particle states 



\S) = (sinh- |0(pi)0(p2)) +cosh- |7/;(pi)V'(p2))) , 

^coshf 

\T) = J ( cosh - |0(pi)</)(p2)) - sinh - I V(pi)V'(P2)) ) , (3.17) 

V cosh I 

\U) AV)^\{ |0(pi)V'(P2)) T |^(pi)0(P2)) ' 



The diagonalisation is a consequence of the S-matrix commuting with supersymmetry. This further constrains 
the S-matrix by demanding that there are only two independent amplitudes 

^\s)= Ssg{e,/^)F+{e,/^)\s) , s|T)= 5.,(0,A)F_(0,A)|r) , 

S|f/) = 5,<,(0,A) F+(0,A)|C/) , §|y) - 5,,(^^,A) F_(0,A)|F) , 

where A is a function of the coupling k. The exact form of this function depends on the particular theory. 
For example, in both the bosonic sine-Gordon and the M — 1 supersymmetric sine-Gordon cases k receives 
a finite shift. In A/" = 2 supersymmetric sine-Gordon case there is no such shift. In contrast to [IS] we have 
extracted an overall factor 5*5^(0, A) which is the S-matrix for the sine-Gordon perturbative excitation 

smh — I sm A 



The N = 1 supersymmetric sine-Gordon is an integrable theory and the Yang-Baxter equation (3.151 
should be satisfied. This further constrains the S-matrix by requiring that F± are related as [45) 



X sm ^ \ 

F±{e,/^)=[lT—^)R{0.^). (3.20) 



^^Analogously to the bosonic sine-Gordon theory, here the perturbative excitations of the fields in the Lagrangian correspond 
not to the elementary excitations, which here are solitons, but to (a limit of) the bound states of the solitons. This is also the 
case in the M = 2 supersymmetric sine-Gordon theory. A brief summary of other sectors of the S-matrix is given in appendix 
[A| For further details see 
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The common factor R(6^ A) can be further constrained by using the unitarity and crossing relations [45] 
smh + I sm A 



Let us translate this exact S-matrix into the original basis of two-particle states (3.16), again extracting 
an overall bosonic factor 

^\<^a{pi)<^b{p2)) = Ssg{6,A) ^Mab(^,A)|<i>,(pi)$,(p2)) . (3.22) 

Here $o = and $i — ip, i.e. is a bosonic and 1 is a fermionic index and the components of S_\f-^{9, A) are 

S'aAioo(^?,A) = i?(0,A) (1 + 2i sin ^ cosech 0) , S:^,ll{0, A) = - iR{0, A) sin^sech^ , 

S'aAi??(6', A) = i?(6i, A) (1 - 2i sin ^cosech6i) , S^r^ll{9, A) ^ ~ iR{0, A) sin^sech^, (3.23) 

S^Zi^, A) = R{0, A) , Sm,1°{0, A) ^iR{0, A) sin ^ cosech ^ . 

Motivated by [151 [H] we may think of SVi {0, A) as a minimal A/" = 1 supersymmetric integrable S-matrix 
(denoted as S^j^^q in [46J). The S-matrix for the perturbative excitations of the Af = 1 supersymmetric sine- 
Gordon model can then be thought of as the tensor product of the S-matrix for the perturbative excitation 
of the sine-Gordon theory with this supersymmetric S-matrix. This structure extends also to other sectors 
of the theory [46l|44], e.g., to the soliton-soliton S-matrix. This is discussed briefly in appendix [A| 
It will be useful to write down the expansion of R{0, A) in ( |3.21[ ) to the one-loop order[^ 

R{0, A) = 1 - i A cosech + — [i [2 + {in - 20) coth 0] - 3tt cosech 0j+O{A^). (3.24) 



3.4 J\f = 2 supersymmetric sine-Gordon S-matrix 

If A{k) is given byp^ 



k{A) 



TT 

A 



A{k) 



(3.25) 



i.e. k is not shifted, then the expansion of (3.23) matches the factorised result of the one-loop AdS2 x S 
computation (3.11). Similarly, the expansions of R{0,A) ( |3.24 ) and the bosonic factor (3.19) match ( |3.12 1 
and (3.8) respectively. An immediate consequence is that the one-loop perturbative result of section 12.2.1 



takes the formFS 



^sgiO,^)®S^,{0,^)^ 



(3.26) 



This agrees with the exact result for the N = 2 supersymmetric sine-Gordon S-matrix [H] . As in the A/" = 1 
sine-Gordon case, this can be thought of as a supersymmetrisation of the bosonic sine-Gordon S-matrix. The 



^^The unitarity and crossing constraints do not have a unique solution. To choose the correct solution one should use 
additional arguments related to the pole structure of the S-matrix |45| . Alternatively, one can fix the ambiguity by matching 
the S-matrix with the result of a perturbative field theory computation of scattering amplitudes. 

^''This can be derived using various polygamma identities. Using this expression it is possible to check that the direct result 
of the one-loop computation of the S-matrix for the perturbative excitations of A/" = 1 supersymmetric sine-Gordon model 
agrees with the exact expression |45| given in ( |3.18| , ( |3.20| and l |3.21[ l. The relation between k and A for this theory is given 



by |46) 



fc(A) 



A(fe) 



This relation is the M = 1 supersymmetric sine-Gordon version of the well-known bosonic sine-Gordon coupling constant 
renormalisation. The relation to the couplings /9 and 7 used in I46| is as follows fc = ^ , A = ^ . 

^^Taking the relation to their couplings /3 and 7, fc = ^ , A = 777 , this identification | |3.25| agrees with the relation between 
7 and 13 given in |43l , which was derived from central charge and quantum group arguments. 

'^^The symbol (g)^ denotes the graded tensor product, defined with respect to indices in ( |3.7| . 
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form of the S-matrix (3.26) can be extended to other sectors, e.g., the sohton-sohton S-matrix (see appendix 
lAl). 



The exact S-matrix (3.26) is written as a tensor product of the three S-matrices each satisfying the YBE 



by construction. Therefore, it also satisfies the Yang-Baxter equation. 



3.5 Phase factor 

In this subsection we identify a phase factor that will be useful in the discussion of the S-matrix of the 



reduced AdS^ x S theory. Motivated by the factorised form of the S-matrix, (3.7), (3.26), we consider 

1 2 



(3.27) 



Ssg{9, A) and R{9, A) are given in ( 3.19[ ) and (3.21 ) respectively. As explained below (3.12 ) this phase factor 
equals the amplitudes for the YZ YZ and (x ~^ Cx processes. This can be easily seen from (3.14) and 



(3.22), (3.23) with 



SBi9,k)^Ss 



k- 



•Sqi ( 



l,k)^R{9,-). 



(3.28) 



For later use let us record the expansions of this phase factor and its square root to the one-loop (A^) 
order 

A2 

P{9,A) = 1 + — cosech6'(i(2 + (iTT- 26i)coth6') -TTCoseche) +0{A^) . (3.29) 



27r 
A2 



^/P{9,A) = 1 + ^cosech6l(i(2 + (iTT- 26l)coth6l) -7rcosech6l) +0{A^). 



(3.30) 



As expected, (3.29) matches the factor that was extracted from the one-loop S-matrix in (2.17) 



Finally, we present a few identities that are useful for checking the unitarity and crossing relations 



2 9 



Ri9,A)R{-9,A) = - '"'^ 2 



sinh^ I + sin^ f 



Pi0,A)Pi^9,A)=(- 
Vsi 



sinh 



sinh^ I + sin^ f 



(3.31) 



R{9,A) ^R{in~9,A), 



P{9,A) ^P{i'K~9,A). 



4 S-matrix of the reduced AdS^ x 5^ theory 

In this section we shall investigate the S-matrix of the reduced AdSj, x theory using the result of the 



one-loop computation of section 2.2.2 as an input. By a similar argument to that given in [201 for the reduced 
AdS^ X theory the S-matrix of this theory should also be UV finite. 



The one-loop S-matrix found in section 2.2.2 docs not satisfy the Yang-Baxter equation. Similarly to the 
complex sine-Gordon case we will show that the integrability can be restored at the one-loop order by the 
addition of a local counterterm [38] . As in |38l |28j we take integrability at the quantum level as our guiding 
principle and assume that such a counterterm should naturally appear in this theory. 

In [2] the existence of the required counterterm in the complex sine-Gordon case was understood as a 
consequence of starting with the gauged WZW formulation ( 1.1 ), gauge-fixing and integrating out unphysical 



fields. At present we do not know how to trace the origin of the counterterm (given below) which is required 
in the reduced AdS^ x theory to a quantum contribution coming from path integral based on the action 
(1.1). Still, in appendix [C] this counterterm is shown to originate from a particular functional determinant 
of an operator acting on algebra- valued fields of (1.1). 



As we shall see below, the one-loop S-matrix corrected to include the local counterterm contribution 
group-factorises and also exhibits a novel quantum-deformed supersymmetry. We propose that an exact 
S-matrix should be fully constrained by demanding quantum-deformed supersymmetry, the Yang-Baxter 
equation and group factorisation along with the usual physical requirements of unitarity and crossing. 

Indeed, using the expansion (including sextic terms) of the Lagrangian obtained by integrating out A± in the axially gauged 
theory [5], we have checked the UV finiteness of the one- loop YY — ^ YY scattering amplitude. 
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4.1 Bosonic symmetries 



The AdSs x S'^ superstring sigma model is based on the supercoset 



F _ PSU{1,1\2) X P5t/(1,1|2) 
G ^ SU{1,1) X SU{2) 

and thus the corresponding reduced theory [Fl has G — SU{1, 1) x SU{2) and the gauge group H — [SO{2)]'^. 
One can also reformulate the reduced AdS^ x theory such that it has G = U{1, 1) x U{2) and the gauge 
group H — [SO(2)]*, see appendix [b|P^ The symmetry action of one of the extra 5*0(2)8 on the physical 
states is trivialFj but the action of the other one is non-trivial and thus the non-trivial subgroup of H is 
[50(2)]3. 



It is a feature of theories with an abelian gauge group H that the Lagrangian (1.1) possesses both an 



iJ-gauge symmetry and an additional global H symmetry [SJ [TI] [33] ■ The fields on which the global part of 
the gauge symmetry has a linear action are field redefinitions of the fields on which the global H symmetry 
has a linear action. Therefore, the physical symmetry of on-shell states is a single copy of H. 



The Lagrangian (2.18) is written in the form that has manifest global 5*0(2) symmetry. To uncover the 
full bosonic symmetry group we observe that when m,n,p, q are 5*0(2) vector indices we have 



In 



(4.1) 



where is the usual antisymmetric 50(2) tensor. We can then immediately see that all but the last line 



of (2.18) is invariant under four separate 5*0(2)8, each of which only acts on one species of field, {Y, Z,(,x)- 
The last line is invariant when these four 5*0(2)8 are identified. There are also two additional 5*0(2)s defined 
as follows (A G 50(2)) 



Y 

^ rr, 

Y 

-t rr. 



A Y 
Y 



7 A 



Cm ^ Cm 1 



Cm ^ Cm-^r; 



One can check that these are symmetries of (|2.18|) using the following identity 



The three 5*0(2) symmetries and their action on the fields are thus given by 



^tnq^np • 

I201 



(4.2) 



(4.3) 



50(2)c 
Y 2 
Z 2 
C 2 
X 2 



50(2)b 
2 
2 





50(2)f 


2 

-2 



(4.4) 



Let us digress and demonstrate that, as was claimed in section[2j the truncated Lagrangian (2.18) agrees (up 
to field redefinitions) with the the Lagrangian obtained by fixing a gauge on g and integrating out A± at the 
classical level |S] (as the gauge group H is abelian here we choose the axial gauging in (1.1); the resulting 
Lagrangian can then be expanded about the trivial vacuum) 



k 

An 



tanh^ (f) d+vd-v + d+^pd^ip + tan^ ip d+ud^u + ^ (cos 2(p — cosh 2(f)) 



+i ad-a + i /3d-^l3 + i jd^j + i Sd-S + i A9+A + i vd+v + i pd+p + i ad+a 

— itanh^ (l)\dj^v{Xv — pa) — d^v{af5 — 7(5)] + itan^ ip[d^u{Xi' — pa) — d-u{aj3 — 7(5)] 

+ (sec'^ (p — sech."^ (j)) {a P — ^6) {\v — pa) 

— 2i^^ cosh (/) cos iy9(A7 + v5 + pa + cr/3) 

+ sinh(^sin93[cos(w -I- u){p6 — a^ + A/3 — va) — sin(w + u){Xa -\- vjS — p^ — (7(5)] 



(4.5) 



'^^The (dimensions of both G and H have been increased by two, thus there are no extra physical degrees of freedom in the 
theory. The extra gauge degrees of freedom decouple from the rest of the theory and therefore can be ignored in the construction 
of the Lagrangian [5] and in the S-matrix computation. 

'^^The symmetry acts non-trivially on the gauge field, allowing one to eliminate the corresponding degree of freedom. 

■^''The notation is as follows: if the fields Ym, transform in the 2, —2 representations, then they transform as (A £ 50(2)) 
Y -s> Ay, Z -s> ZK. 
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Here 0, v, u are real commuting fields and a, /?, 7, (5, A, p, a are real anticommuting fields. The 
[iS'0(2)]^ symmetry of (2.18) (summarised in (4.4)) is the global part of the gauge group. When a gauge is 



fixed on g and A± are integrated out this symmetry is completely broken. In theories with abelian gauge 
groups (e.g. the complex sine-Gordon model) there is also a global H symmetry in addition to the H gauge 
symmetry. Here it acts as follows 



u U + Ci + C2 . 

a + i/3-> e*(=i+'==')(a + i/3); 
S + i-f ^ e''^'='-'=''\5 + i-f) , 



f — > u + Ci — C2 , 

p + iCT^e*('=i+'=^)(p + ia), 



(4.6) 



1/ 



+ iX ^ e'^'='-'='\v + iX) , 



where ci, C2 and C3 are the three symmetry parameters. Expanding ( |4.5[ ) to quartic order in "radial" 
directions 0, ip and using the following field redefinition 



Yi = (f) cos V , Y2 — (j) sin w , Zi — ip cos u , Z2 ~ p sin u , 

(Ci, Cr2' ClU Cl2' Xni^ Xh2' Xi, 2) = ^t, <5, 7, A) , 



(4.7) 



we find the agreement with (2.181 up to simple field and coupling constant redefinitions as claimed. 



4.2 Quantum counterterms and the Yang-Baxter equation 



The one-loop S-matrix of section 2.2.2 does not satisfy the Yang-Baxter equation (2.12). The YBE is related 



to conservation of hidden symmetry charges. As with any global symmetry that is not manifestly preserved 
by a quantization procedure one may try to maintain it at the quantum level by adding local counterterms. 

This is what happens in a similar bosonic model - the complex sine-Gordon theory (whose quartic expan- 
sion is a truncation of (2.18)) - where there exists a local quantum counterterm that restores the satisfaction 
of the YBE at the one-loop level [35] • Assuming YBE, the exact soliton S-matrix for the complex sine-Gordon 
model was constructed in [28] . The correct interpretation of the theory was conjectured to be based on the 



gauged WZW theory (a special case of ( 1.1 )) with the required quantum counterterm possibly appearing as 



a consequence of starting with this gauged WZW action in the path integral. Indeed, in [5] it was shown 
that the counterterm required to reproduce the YBE-consistent S-matrix of [28^ can indeed be derived in 
this way. 

Here we find local counterterms that similarly restore the satisfaction of the YBE at one-loop for the 
S-matrix of the reduced AdS^ x theory. In appendix [c] we suggest a functional determinant origin for 
these counterterms, yet it appears that they cannot be naively interpreted as arising from a gauge-fixing 
procedure or integrating out unphysical fields in path integral for (1.1 1. There may still be an alternative 
Lagrangian formulation of this reduced theory that leads to the required counterterms. As explained in 
appendix [c] such Lagrangian would involve unphysical fields in fermionic subspaces of the superalgebra f 

To restore the YBE the underlined terms in the coefficients fi of the one-loop S-matrix of section 



2.2.2 



need to be cancelled. These terms are of the form that could arise from a set of local quartic counterterms. 
As well as cancelling the underlined terms one can add the following arbitrary correction to the coefficient 
functions /i, /2, /a, /s, /4 

ZTT r 1 

ci(6', k) + €2(9, k)\ (4.8) 

without affecting the YBE. 

By analogy with the reduced AdS2 x 5^ theory and the complex sine-Gordon model ^2J we may propose 
some assumptions that possible counterterms should satisfy: (i) the counterterms should be second order in 
derivatives and local; (ii) the function Ci{6, k) in (4.8 1 that may be interpreted as an additional contribution 
to the phase factor should vanish. As we already have a phase factor (the amplitude of YmZn ^ Y„iZn and 
CmXn — >■ CmXn proccsscs) that fits into a pattern with the reduced AdS2 x S"^ theory it seems sensible to 
assume that it is not altered; (iii) the counterterms should factorise into two parts - one transforming under 
2-d Lorentz symmetry like d+ and the other like 9_, with each part separately invariant under the [50(2)]'^ 
global symmetry (4.4). 



The last requirement is motivated by the origin of the complex sine-Gordon counterterms found in 2J. It 
implies that there should be no counterterms involving four different "species" ( Y, Z, C and x) ■ Consequently, 
there should be no counterterm-induced shift of the S-matrix proportional to the tree-level S-matrix (such 
a shift could be reinterpreted as a shift of the coupling k). Also, fs coefficient should then remain zero at 
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one-loop. It turns out that the group factorisation of the S-matrix discussed in section 4.3 imphes that /§ 
should be identically zero to all orders. 

Let us consider the following counterterm which satisfies all of the above requirements!^ 

It produces the following corrections to the functions parametrising the S-matrix: 

^fimnpqiO, k) = ^ (^em„ep, ( coscch 6* - cothfi^) + e,„5ep„(cosech6' + coth6') - 2emp^nq cothi 

¥(< 

2i7r 



A/2„mpg(6', fc) — ((e„i„ep, -|-e„,ep„)cosech6'-f e„pe„^cothl 



^f?,mnpq(0,k) -^Af3mnpq{6,k) — — -p- empe„q COth 6* , 
2iTT 

ZTT 2z7r 

Af5mnpq{0,k) = — e„„ep, ( COSCch 6* - COth 6*) , Af~^,nnpq{d, k) = —eran(^pqC0Sech9 



^fimnpqid, k) = - -jY^rnp^nq COth 6* , (4.10) 



ZTT 9 
"^^mn^pq SCCIl — 

The corrected functions fi parametrising the one-loop S-matrix of section 



ZTT u 

Afemnpq{0,k) = — j^ejnn^pqSech - , AfTjnnpq{d,k)—0, Afsmnpq{&,k)=0. 



2.2.2 



are 



fl mnpq [0 , k) =5mp5nq ( 1 — COSCch 9 ^ COth^ 9 



k fc2 



+ ^mp^nq ( coth 9 — — coth 9 — (i^T — 29) cosech ^6* -I- — ^ coth 9 cosech 9 1 

hmnpq{Oi k) ^Smp^nq (l + ^ COSCch ^6*^ 

2i7r 



(^ZTT ZTT TT 
coth — (*7r — 20) cosech ^6* — — coth 9 cosech ( 
fx, Ki rZ 

^ ^ / 2z7r ZTT 7T^ \ 

f3mnpqid,k) =f^mnpq{0,k) = (5mp(5„q -f empCnq - -p- coth 6* - -^{iT: - 26*) coscch ^6* coth 6* cosech 6* j 

9 

/ ZTT TT \ 

UmnpqiO, k) =S„ipSnq " ^ COSCch 6* - — j (4.11) 
/ ZTT 2z7r ZTT 7T^ \ 

+ ^mp^nq ( ^ coth 6* — — coth 6* — t;^ (i"" " 29) cosech + coth 6' cosech 9 J 



mnpq ( 


0,fc) 


— f^mnpqi^i ^) 


— 2)^2 2 \^^^^^ PQ ~^ ^mn^pqj 


f6mnpq ( 


e,fc) 


/ZTT , ^ 

= l2^^'^^^2- 


' 2^ 2 ^^^^ 2/ \ ^""^ ^mn^pq 


f 7 mnpq ( 


e,fc) 




~ ^mn^pq ^7np^nq '^rnq'^np) 


/s mnpq ( 


e,fc) 


=0 





The addition of the counterterm has restored the relation between the yyZZ and CCXX amplitudes, i.e. 
now /s = /g. This may indicate that as well as integrability, a fermionic symmetry relating the bosons and 
the fermions is restored when the required counterterm is added. Indeed, in section 4.4 this S-matrix will 
be shown to commute with a quantum-deformed supersymmetry. 

One may wonder if the above counterterm can be derived from the path integral for the corresponding 
gauged WZW-based theory (1.1) as was the case for the complex sine-Gordon model [2]. If we perform a 



Note that this counterterm may be written as 



where J7± is the conserved current associated to the manifest global SO(2) symmetry of the Lagrangian ( |2.18| (to quadratic 
order and up to a rescaling of fields) . 
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similar analysis to [2 starting with the reduced AdS^ x theory we only get a bosonic counterterm that 
produces part of the correction to /i 

2^7r / \ 
Afimnpq{0,k) ^ - j-^ [6jnnSpq{ cosech 6 + coth 9) + 6jnqSnp{ cosech 9 - coth 9) j . (4.12) 

It is possible that there is an alternative way of formulating the Lagrangian ( |1.1[ ) which treats bosons and 



fermions on a more equal footing. In this case one may be able to obtain the counterterm (4.9 1 as a 
contribution of some functional determinant in the one- loop path integral as in [2] . This is discussed further 
in appendix [c] (note that some of the notation in appendix [c] is defined in section [5|).p^ 

4.3 Group factorisation of the S-matrix 

Having added the above counterterm it is possible to repackage the fields in such a way that the resulting 
S-matrix factorises under some group structure. Consider the following set of S0{2) transformations which 
are symmetries of the theory 

50(2)i 50(2)2 SO{2)i SO{2)i 
Yra 2 2 

Zra 2 2 (4.13) 

Cm 2 2 

Xm 2 2 

Any one of these 5*0(2) transfor mat ions can be rewritten as a combination of the other three, agreeing with 
the symmetry analysis of section 4.1 where global bosonic symmetry of the theory was shown to be [50(2)]^. 



We relabel the fields in terms of their transformations under the four 50(2)s (4.13) 



^aa : ^aa i Caa 7 ?Caa 5 (4.14) 

where the indices a, a, a, d (a = 1, 2, a = 3, 4) are vector indices of 50(2)i, 50(2)2, 50(2)^ 50(2)2 
respectively, with the following fermionic grading 

[a] = [a] = 0, [a] = [d] = 1 . (4.15) 

Taking the fields to be real each has four degrees of freedom, whereas they should only have two. To take 
care of this we impose the following constraints 



(4.16) 



For example, 

ni = -^22 (= ^Yi) and = (= ^Y2) . (4.17) 



These constraints are necessary for the fields to respect all the symmetries given in (4.131 



The field rearrangement (4.14) allows us to consider the single field 

, A^{a,a) and A = (a, d) , (4.18) 

that encodes all four species of field Y, Z, C and x in the natural way. 

The counterterm-corrected one-loop S-matrix for the reduced AdS^ x theory then factorises as follows 

S\^^AiPi)'^BBiP2)) = (-1)[-^1[^1+[^1[^1 55f5f| |$p^(pi)<I>^^(p2)) (4.19) 

^^As discussed in section [s] the reduced AdS2 x 5^ theory is equivalent to = 2 supersymmetric sine-Gordon for which 
the exact S-matrix has been derived [44) . The perturbative computation precisely matches this result, i.e. there should be 
no additional one-loop corrections from local counterterms. For the reduced AdS^ X theory the one-loop S-matrix group 
factorises. It seems likely that there should be no one-loop counterterm corrections there either, or at least they should 
respect this group factorisation property. Any Lagrangian formulation of the reduced AdSs X theory that gives the required 
corrections at the one-loop order should then produce no corrections when applied to the cases of the reduced AdS2 x and 
AdS^ X theories. The functional determinant contribution discussed in appendix [c] satisfies this property. 
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qCD 



LlSacSbd + L2eac^bd , 

Sbd + Ls 

Lg{SabSyS + ^ab^js) , 
LloiSapScd + ^aP^cd) , 
Lll{SadSjP + iad^-iP) , 
Ll2{5a&5cb + ^aS^cb) , 

where Li are functions of 9 and the couphng k. 

It is useful to understand the factorised S-matrix (4.20) as acting on a single field 

^\^a[pi)^b{p2)) ^ S'iE{0.k)\^c{Pi)^D{P2)) , 



(4.20) 



(4.21) 



where (f>a are bosonic and ipa are fermionic. This S-matrix should satisfy the usual physical requirements of 
unitarity and crossing. Unitarity implies 



(4.22) 



For crossing symmetry we need to introduce the crossed S-matrix denoted by S'^^{9, k) which is identical 
to S^g{6,k) in (4.21) except with (Lg, Liq, Lh, L12) replaced by i{Lg, Liq, Lh, ^12). Crossing symmetry 
then implies 



J2 (-i)[-4][s]+[c][i5] p| sE<^{tn-e) c-'^, 



E,F=1 



where is defined by 



C\<fA)^Cl\<fB) , 

C IV-a) = - IV'4) , C \^2) = 



(4.23) 



(4.24) 



and similarly for C j^. Crossing symmetry requires the following relations between the functions Li 



Li{i7r -e,k)^ Li{9, k) , L2{iTT ~e,k)^ -^2(6*, k) 
L^iin -e,k)^ Lr,{9, k) , Laiiii -e,k) = -Le{e, k) 
Lg{ii: — 0,k) — iLii{9, k) , 



(4.25) 



and similarly for L3, L4, L-j, Lg, Liq, L12. 

For consistency (for example, between S \Yjn{p i)CniP2)) and § |Cm(pi)^n(p2)), see appendix[D| the func- 
tions Li should also obey the conjugation relations 



L,{0,k)^L*{-e,k) , i-1,2,. 
Lg{9,k)^-L;{-e,k), Lw{9,k) 



Lw{-e,k), 



The Lagrangian ( |2.18 ) has also a Z2 symmetry 

implying the following relations between the functions Li 

Li{9,k)=L^{9,-k), 
L5{9,k)=Lr{9,-k), 
Lg{9,k) = -Lio{e,-k), 



Ln(0,fc) =L*2M,fc) 



-k, 



L2{9,k)=Li{ 
Le{9,k)=Ls{ 



.-k), 



(4.26) 



(4.27) 



(4.28) 



Ln(0,fc) = -Li2{9,-k) 



In appendix[D] equation (4.20) is expanded and rewritten in the original 5*0(2) notation to enable comparison 
to the S-matrix of section 2.2.2 with the corrected functions (4.11). Key features of the corrected one-loop 
S-matrix of section 4.2 are the equality of the YYZZ and CCXX amplitudes (i.e. /a = /g and = /g) and 
the vanishing of the function /g . These along with other relationships between the parametrising functions 
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are required for the one-loop S-matrix to factorise as in (4.19 1, (4.20 ). The one-loop result gives the following 

L,i9,k)=po{9,k;l) L,{e,k) , (4.29) 



where the phase factor pq{9, k ; 1) was defined in (2.15 1 and 



Li(e,k) = L3(e,-k) = 1 - ^cosech6i- -t-Offc-^) 

k 2k^ 

'■• '-• ITT ITT ITT 

L2(9,k) = LA9,-k) = — coth6i- — coth6'- -— (i-K - 29) (cosccli 9 f 
k 2k^ 

U{9, k) = Lr{9, -k) = l + 0{k-'^) 



2fc2 



coth 6* cosech 6* + 0{k 



(4.30) 



Lei9,k) = Ls{9,-k) = --^coth6'- ^{iTr - 26')(cosech 



2/c2" 



2fc2 



coth 6* coscch 6* + 0{k 



-3^ 



? TT U ^ ^ ITT H 

Lgi9, k) = -Lioi9, ~k) - — sech - + 0{k-^) , Ui{9, k) = -Li2(0, ~k) = -— cosech - 



0{k- 



The phase factor pq{9^ k\l) is the one-loop expansion of the square root of the factor that was identified in 
the one-loop S-matrix of the complete reduced AdS^ x theory, (2.191: the S-matrix has been factorised 
into two parts, each of which we take with the same phase factor. 

The choice of the phase factor in ( |4.29[ ) retains the structure 7 = 1 + 0{k~^) to the one-loop order. 



From the expanded S-matrix given in appendix |D] we see that it is not possible to choose a phase factor such 
that the amplitudes for Y^Zn — >■ YmZn and CmXn CmXn scattering processes and L^ ^ both equal one to 



all orders. This is different from the case of the reduced AdS2 x 5^ theory (3.141 and suggests that these 
two theories are not part of the same "family" .P] 



order, the perturbative S-matrix (4.20), (4.21), 



relations in equations (4.22), (4.23), (4.25), (4.26 



As well as satisfying the Yang-Baxter equation (which has the same form as in (3.15)) to the one-loop 

( 4.30[ ) also satisfies the unitarity, crossing and conjugation 



For the purpose of discussing the quantum-deformed supersymmctry in the next subsection it is useful to 



rewrite the S-matrix (4.21) in terms of the complex fieldsp^ 



h + «<? 



I(p2 ■ 



(4.31) 



The S-matrix (4.21 ) acting on these fields is 





= {Li{0,k) 


-L2{9,k))\^+c^+) 






§l0+0_) 


= {Li{ 


9,k) 


+ L2(^^,fc))|0+0-)- 


f 2i9(^ 


',A;)|0+0_) 


81^+0+) 


= (i3( 


9,k) 


-U{9,k))\i:+4'+) 








= (i3( 


9,k) 


+ U{9,k))\^+4>-) 


+ 2Lio 


:0,A:)|0+0_ 


S 10+0+) 


= (i5( 


9,k) 


-L6(^^,fc))l0+0+) 


+ 2in( 


0,fc)|0+0+ 


S|0+0_> 


<L,{ 


9,k) 


+ L6(e,fc))|0+0'-) 






§10+0+) 




9,k) 


-L8(0,fc))|0+0+) 


+ 2ii2( 


0,fc)|0+0+ 


§|0;+0_) 


HL7{ 


9,k) 


+ Ls{9,k))\^+<jy_) 







(4.32) 



This S-matrix clearly respects the U{1) x U{\) bosonic symmetry under which 0+ has charges (1, 0) and -0+ 
has charges (0, 1). 



■^^This is not such a surprise when looking at the supercosets of the corresponding superstring sigma models. For AdS2 x 
we have F = PSU{1, 1|2) whereas for AdSs X we have F = PS{[U{1, 1|2)]^), i.e. a direct product. As discussed in [Q, the 
Pohlmeyer reduction of models with a direct product as the numerator group of the supercoset is somewhat different compared 
to the Pohlmeyer reduction of models with a single group as the numerator group. The reduced AdSs X 5"^ theory for which 
F = PSU(2, 2|4) has a stronger relation to the reduced AdS2 x theory. 

^*The S-matrix has a manifest U{1) X !7(1) symmetry. The field (j) is then charged under the first U{1) and under the 
second. Thus it would be more natural to write 4)±o = </>! it i4>2 i V'0± = '03 i i'04 . This notation is cluttered and we will 
suppress the index. The global U{1) indices are in bold to distinguish them from the Lorentz light-cone indices. 
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4.4 Quantum-deformed supersymmetry 



In this section the invariance of the factorised one-loop S-matrix (4.20), (4.21), (4.30) under a quantum- 
deformed supersymmetry is demonstrated. 

The reduced ^^5*2 x S*^ theory of section [s] has a. Af = 2 worldsheet supersymmetry [3j and one may 
expect to find a similar 2-d supersymmetry in larger models [3] . This is suggested also by the integrability of 
the model implying the existence of conserved fermionic charges |16j . Very recently the existence of a (non- 
local) on-shell supersymmetry in the theory (1.1) was pointed out in |371|3H] and the off-shell generalisation 
demonstrated also in 

Here we take an alternative approach: the idea is to find supersymmetry as a symmetry of the S-matrix 
for on-shell states. The supersymmetry we shall find below appears to be quantum-deformed and thus it is 
not immediately clear how it should act on the off-shell fields present in the Lagrangian. 

The classical supersymmetry algebra we shall consider below (denoted as s) is the maximal sub-superalgebra 

l^. This is motivated by the fact that the 



of psu(2|2) 



such that the bosonic subalgebra is [so (2)]^ 



reduced AdS^ x theory is a truncation of the reduced AdS^ x theory, for which there is a similarity 
with the quantum-deformed psu(2|2) k M.'^ R-matrix [351 EZ]- We also take into account that the global 
bosonic symmetry of (4.32) is [so(2)]^. 

The generators of the this classical supersymmetry algebra are: two SO{2) generators, denoted $H and £; 
two positive chirality supercharges, 0±ip;[^two negative chirality supercharges, 6±i|i; two central extension 
generators *P± (which are related to the light-cone components of the 2-d momenta, cf. (3.3)).[^ The 
corresponding commutation relations are given by 



[m, 5n] = o, 

The linear combination 



[£, £] = o, 

{6±T-n^±} = ±^(5^ + -C) = ±a, 



(4.33) 



a^-(5H-(-£) 



commutes with all other generators. This superalgebra may be represented as 

s = i K so(2) X , 



(4.34) 



(4.35) 



where 50 (2) corresponds to 21, to *p± and the superalgebra t has a bosonic subalgebra so (2), generated 

by 

!B = 5n-£. (4.36) 
The commutation relations for the superalgebra i are 



=0, 

{e±T, ©±t} = o, {©±=f, e=F±} = o. 



(4.37) 



This superalgebra (which apparently does not have a standard name) is a semi-direct sum of so (2) with two 



^^Note that here the labels + and — do not denote the chirality of the supercharges, but rather the charges under the 
50(2) X SO (2) bosonic subalgebra. 

^^The bar in ^± indicates that these generators may have different fc-dependent normalization compared to those in ||3.3|. 
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copies of the tDSu(l|l)[^ 



t==so(2) € [psu(l|l)] . (4.38) 

We expect 21 to be a central extension because it and its corresponding symmetry acting on the other half 
of the factorised S- matrix are actually the same symmetry (which can be seen from (4.13)). Similarly to the 
central extensions *P± wc do not have two copies of this so (2) central extension when we consider the 
symmetry of the full S-matrix (4.19) 

[t]V so(2) K (4,39) 

This is also in agreement with the fact that the global bosonic symmetry is [5'0(2)]'^. 

Given that the bosonic subalgebra of s defined by (4.37) is abelian, it should not be altered by a quantum 
deformation (the S-matrix satisfies the Yang-Baxter equation while respecting the classical 50(2) x S0{2) 
symmetry). As a result the quantum deformation of s we are interested in is rather simple. To construct it 
we replace the anticommutation relation for S±ip and i3=p± with 



where q is a quantum deformation parameter and we use the standard notation 



(4.40) 



"} q-q 

The generators then have the following action on the one-particle states 

±i |0±) , 



(4.41) 



£|0±) = 0, 

n±^l0±) = 0, 

Q±t|0=f> -c(z9,fc)|V'=F) , 
6±tI0±) -0, 

6±=F|0T)=a(^?,fc)|VT) , 



£|V±) =±^|V±) , 
QiTlV-i) =d(^?,fc)l0±) 
Q±=fIV't) =0. 



=7'±(z9,fc)|$) . 

For the closure of the quantum-deformed supersymmetry algebra we require 



ab = V- 



cd = -V4 



2Jg 



(4.42) 



(4.43) 



(4.44) 



To consider the action of the quantum-deformed supersymmetry on the two-particle states a coproduct A is 
required (see, e.g., |50j). This coproduct should respect the quantum-deformed (anti-)commutation relations 



(4.40) 
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A{m) = m®i + i®m, a(£) = £®i + i 
A(i3±=f) = -Oizp^g"^ + 1 ® Q±T : 

A(6±zp) = ©±zp(g)I + q^(^ 6±zp , 
A(<p±) =<p±(8)I-Hl(^*P±. 



(4.45) 



This coproduct co-commutes with the S-matrix 



291 



AopO) S = S A(3) 



(4.46) 



■^'^The appearance of this algebra may be expected given the origin of the reduced theory. In the reduced AdS2 x model 
we start with the supercoset gg^f ^|x'gO(2) ^^'^ the symmetry algebra [psu(l|l)]'^ K ( |3.2| l in the reduced theory. 

The reduced AdS^ X theory arises from the Pohlmeyer reduction of the 2-d sigma model with the target space ^ir^(j^i^xU(2) ^ 
(we use notation defined in appendixpl. In the AdSs X case we have two copi es of j 7(l, 1|2) and thus wc may expect part 
of the symmetry to be given by [P5f7(l|l)]^. This is discussed in detail in section 



6.2.2 



^As was noted above, the linear combination 21 = + £) commutes with all the other generators including the fermionic 
ones. 

■^^The opposite coproduct, Ac,p(3), is obtained by acting with the graded permutation operator for the tensor product on the 
original coproduct A (3). 
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for an appropriate choice of a, h, c, d in ( 4.42[ ) and q. Assuming that the quantum deformation parameter is 
related to the couphng k by (see also below) 



exp(- 



27rK 



(4.47) 



we find 



a(d,k) 



1 TT _3i_i2L 

- sec — e 2 2fc 

2 k 



b{^,k) = a*{'d,k) , c{'d,k)^-e'^ a{d,k) , , k) = a* {i) , k) 



Using ( 4.44 ) this implies that the eigenvalues of the central charges Cp± are 



7'±(z9,fc) = isec^ e^" 



(4.48) 
(4.49) 



i.e. *P± can indeed be identified with the lightcone momentum generators up to normalisation. This suggests 
that the algebra (4.331 is an J\f — 4 (i.e. (4,4)) 2-d supersymmetry with a non-trivial global bosonic R- 
symmetry subalgebra. The supercharges (whose anticommutator is proportional to the 2-d momentum 
operator) are charged under both the Lorentz group, and the global bosonic symmetry group. It is the 
existence of this global bosonic R-symmetry that allows for a quantum deformation of the supersymmetry 
algebra. 



Expanding (4.401 at large k we have 



27r 



M=^+:^{^~'^') + 0{k-^) , 



(4.50) 



so that the supersymmetry algebra remains standard at the leading tree-level order. This may be related to 
a recent suggestion about the existence of an on-shell supersymmetry as part of integrable hierarchy in this 
classical theory in ITC] (see also [171I1S]). Note, however, that for large k the non-trivial coproduct in (4.451 
differs from the standard one already by terms, for example, 



A(0d 



I + 1 Q. 



2ni 



.2l-KO(fc" 



(4.51) 



The 1/fc terms are required for the tree-level S-matrix (given by the 1/fc terms in in (4.11 1) to be invariant 
under the undeformed supersymmetry algebra (4.331. In this sense the supersymmetry of the S-matrix is 
deformed already at the tree level. This is different to the AdS2 x 5^ case discussed in section [sj 

While the reason for a quantum deformation of the supersymmetry of the S-matrix of the reduced AdS^ x 
theory is not completely clear the above simple construction appears to be consistent and suggests that 
a similar quantum- deformed supersymmetry may also be present in the reduced AdS^ x theory. Let us 
note that only the bosonic symmetries of the algebra s are obvious symmetries of the Lagrangian ( 2.18 1. As 



these bosonic symmetries are abelian, they act on the S-matrix with the standard coproduct. The AdS^ x 
case, for which the bosonic symmetries are non-abelian, should be more non-trivial as the coproduct of the 
bosonic symmetry generators will also be quantum-deformed (see below). 



4.5 Exact S-matrix conjecture 



Assuming the quantum-deformed supersymmetry discussed in the previous subsection 4.4 exists to all orders 
in the 1/k expansion one can conjecture an exact S-matrix for the perturbative excitations of the reduced 
AdS^ x theory. Co-commutativity of the S-matrix with the quantum group coproduct (4.451 constrains 



the form of the S-matrix up to two functions Pi{9, k), Pi{9, k). The most general functions Li parametrising 
a relativistic S-matrix (4.21), (4.20), which co-commutes with the quantum-deformed supersymmetry of 



section 4.4 are given by 
Li^z{e,k)^ 



Fi(^,fc)cosh(^±^) 



I r / H iqr \ 

i2,4(e,fc) = -[Fl(^?,fc)cOSh(-±-j 



sech - — P2{0, k) sinh 



^7r^ 


cosech - 




2\ 


^7^^ 






cosech - 




2J 



L5,7(0,fc) = - Pi{e,k) + P2{e,k) 



Pi{e,k)^P2{d,k) 



(4.52) 
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Lg,iQi0,k) = fc)sin-sech- , Lii,i2(6',fc) = --P2(^, fc) sin - cosech - 



It can be checked that this S-matrix satisfies the Yang-Baxter equation, which has the same form as in (3.15). 
The two phase factors Pi , P2 wiU be fixed by using the conditions of crossing, unitarity and consistency with 
the perturbative one-loop result we obtained above. 
To match the one-loop S-matrix (4.30) we require 



ITT , , ^ \2 . , „N 1 



Pi{0,k) = (sech-)^ (0 + sinh0) + O(-), 

77r 1 

P2{e,k) = 1 + — (cosech-)2 [{in-e)+smhe]+Oi^). 



Crossing symmetry (4.231 and unitarity (4.22) imply the following constraints on the phase factors 



Pi{iTr-d,k) = P2{0,k) , 



sinh 



Fi(^,fc)PiM,fc) = i, p^^e,k)P2i^9,k)^- 

smh I + sm | 



The Z2 symmetry (4.27) implies 

Pi,2iO,k)^Pi,2i0,~k). 

As expected, the perturbative expressions ( |4.53| ) satisfy these relations. 
To solve (4.55), (4.54) we use the ansatz [ST] 



(4.53) 

(4.54) 
(4.55) 

(4.56) 



P2{e,k)=p2{e,k)l[ 



p{e + 2ml,k) 



^^^p{~e + 2i^{i + X),k) 

where p{9, k) is an arbitrary function and we assume that P2{0^ k) satisfies the following relations 
P2{0, k) p2i-0, fc) = 1 , P2(i7r - 0, k) p2{iTT + 9,k) = 1. 



(4.57) 



(4.58) 



The crossing relation (4.54) implies 



Pi{e,k)=p2{i7:-9,k)Y[ 



p{e + 2m{l + \),k) 

^j-^p{-e + 2in{i + \),k) 



(4.59) 



The second relation in (4.58) implies that the first equation in (4.55) is satisfied by construction. The second 
equation in (4.55) implies 



p{9 + 2iTT,k) p{-0 + 2iTT,k) 



sinh 



2 9 



sinh 



2 9 



sinh I + sin ^ sinh 



;| + ^)sinh(| 



Using the gamma function reflection formula this equation is solved byp^ 

p{9, k) = ^ -fe . 
r(-|f-i)r(-|f) 



(4.60) 



(4.61) 



To fix P2id, k) we use the relation (4.56), implying 



sinh ('^ — 



(4.62) 



^"There are alternative solutions 51 ; the obvious ones are gotten by considering k — > —k and 9 — >■ —9. As we require that 
Pl{9, k) = Pi{9, —k) and P2{9, k) = P2{9, —k) we can ignore the k — > —k solution. We also disregard the 9 — > —9 solution as 
its expansion does not match the perturbative result l |4.53| l. For a similar reason we ignore the solution 



pi9, k) = ± 



sinh I 



«i"h(|±f) 
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The minimal choice for the function p2(^', ^) that satisfies ( |4.58 ) and (4.62) is 



P2ie,k) 



I sinh I 
sinh I 



ITT ^ 

k ) 

ITT ^ 
fe ) 



(4.63) 



We end up with the following solution for the two functions Pi , P2 : 




-osh{l-f)t\Ti-^-i + i-ln-^ + 1 + 1 + 1) r(|| + ;-i)r(|| + ? + i) 
^inh {l-f) ^ T{-^-l + i- i)r(-|| + 1 + r(|| + Or(|| + ^ + 1) 

^^^^{l + 'f)t\ + + n-^ + i-m-^ + i)- 



(4.64) 



It can be checked directly that (4.64) matches the perturbative expansions (4.53). We therefore conjecture 



that the exact S-matrix for the perturbative excitations of the reduced AdS^ x S theory is given by (4.19) 



(4.20), (4.52) with phase factors (4.64) 



Note that translating the factorised form (4.19) back to the original notation of section 2.2.2 neither the 
exact YmZn — YmZn and C.mXn — ^ CmXn amplitudes nor the square of £5^7 are equal to (3.27). This indicates 
that the reduced AdS^ x theory is not exactly in the same class of models as the reduced AdS2 x S*^ and 
AdS^ X theories. 



Still, the product of the two phase factors (4.64) is equal to the square root of (3.27) with A = 



Also, the factors in front of the products of gamma functions in (4.64) are square roots of the amplitudes in 
the complex sine-Gordon S-matrix, see [55]. This suggests, by analogy with the reduced ^^5*2 x S'^ theory 
which may be interpreted as an A/" = 2 supersymmetric dressing of the bosonic sine-Gordon theory, that the 
reduced AdSs x theory may be interpreted as a quantum-deformed Af — 4: supersymmetric dressing of 
the complex sine-Gordon model. 



5 Symmetries of the S-matrices 

In this section we shall discuss and compare various global symmetries of the reduced AdS2 x S*^, AdS^ x 
and AdS^ x theories with a motivation to understand the expected symmetry of the S-matrix of the 
AdS^ X case. We shall see that the latter may be related to the quantum-deformed psu(2|2) k M.^ 
R-matrix of [Ml El]. 

The reduced ^^52 x and AdSs x theories are invariant under a wide range of different types of 
symmetries - 2-d Poincare, global bosonic symmetries, gauge symmetries, classical supersymmetries and 
quantum-deformed symmetries. The 2-d Poincare algebrarM 



iso(l, 1) = so(l, 1) C 



(5.1) 



contains one Lorentz boost, space translation and time translation under which all the reduced AdSn x 5" 
theories are invariant. In the reduced AdS2 x and AdS^ x theories the symmetry that acts on the 
two-particle states and co-commutes with the S-matrix in each case is based on a superalgebra of the form 

ctKR^. (5.2) 

Here corresponds to the lightcone momenta and c contains the fermionic generators (charged under 
the Lorentz group) whose anticommutator is proportional to the momenta. The fermionic generators are 
also charged under the bosonic subalgebra b of c. The algebra (5.2) thus has the same structure as a 2-d 



supersymmetry algebra with a bosonic R-symmetry algebra given by b. 

This symmetry appears to originate from the global target space supersymmetry in the associated super- 
string theory - the algebra c is a particular sub-superalgebra of the latter symmetry. Under the reduction 
procedure the fermionic target space supersymmetry generators become charged under the Lorentz group 
and behave like generators of 2-d supersymmetry in the reduced theory. 



denotes the semi-direct sum defined in footnote [l] 



29 



In the case of the reduced ^^5*2 x theory the bosonic subalgebra b is absent and ah the fermionic 
generators of c anticommute up to the central extension generators. Thus a quantum deformation of the 



corresponding algebra of a kind discussed in section 4.4 is trivial here. In both the reduced AdS2 x S and 



AdSs X theories we can write the physical symmetry of the corresponding S-matrix asp^ 

L/,(so(l,l) (t (c K E^)) _ (5,3) 

5.1 Algebraic structure of Pohlmeyer reduction 

In order to understand the origin of the superalgebra c it is useful to review the algebraic structure of 
Pohlmeyer reduction [3]. The reduced AdSn x S"" theories are Pohlmeyer reductions of the GS superstring 
sigma model based on a supercoset space F/G where F is a supergroup and G is some bosonic subgroup. 
The superalgebra of F is required to have a Z4 decomposition 

f = fo + fi + f2 + fa , [U , fj] C U+j ^od 4 , (5.4) 

where even/odd subscripts denote bosonic/fermionic subspaces. The algebra g of the group G is identified 
as 

fl = fo . (5.5) 
The Pohlmeyer reduction procedure involves solving the Virasoro constraints using a constant element 

T e a c f2 , (5.6) 



where a is the maximal abelian subalgebra of f2.|fj This element T induces a further Z2 decomposition on 
the algebra 

f = f^+f", where ^ = {r,{r,f}}, f" = [T, [T, f]] , 

^ [f^,T]^0, {fll,T} = 0. (5.7) 

The reduced theory is then identified with a fermionic extension of a gauged WZW model with an integrable 



potential (1.1). The gauged WZW model is based on the coset space G/H, where the algebra of H is given 

by 

f) = f^ (5.8) 

Let us also consider a particular sub-superalgebra of f 

P-f)xr, i5 = (,©f^©f^, (5.9) 

where 

[f^f^], [f^f^lcT, [f^f^], ff^f^lcfl. (5.10) 



Here T behaves like a central extension as it is abelian and commutes with all other generators, (5.7). 
The algebra t)0 will play a role in the discussion of the quantum-deformed supersymmetry of the reduced 
theories. 



5.2 Reduced AdS2 x 5"^ theory 



As explained in section 3.1 the reduced AdS2 x 5^ theory has manifest Af — 2 2-d supersymmetry with the 
superalgebra that can be written as 

S0(1, 1) (t ([pSu(l|l)]2 IX , (5 11) 



This agrees with the form of (5.3) with no quantum deformation. As the M = 2 supersymmetry is manifest 
in the action, one should not indeed expect any quantum deformation in this case. As discussed earlier. 
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Here U denotes the universal enveloping algebra. The subscript q then stands for the quantum deformation of this algebra, 
(which has no effect in the AdS2 x case). That is Uq(i) is the quantum group. 

^^In the reduced AdSn x 5" theories a is always 2-dimensional. In the non-degenerate case T is non-zero in both the AdSn 
and S" parts of the algebra. 

^*This algebra can be found via an Wigner-Inonii contraction, i.e. by rescaling the central extension generators by a constant 
and sending it to zero. 
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ignoring the Lorentz part of the algebra, up to central extensions all the generators of the algebra com- 
mute/anticonimute. The quantum deformation of the type considered in the reduced AdS^ x theory 



would thus have no effect on (5.11 ). 

The AdS2 x 5*^ superstring model can be written as a GS sigma-model with the target space 

PSU{1,1\2) 
50(1,1) X 50(2) ■ 



(5.12) 



Here F = PSU{1, 1|2) is a global symmetry and G — 50(1, 1) x 50(2) is a gauge symmetry. In the group 
H of the Pohlmeyer reduced theory here is trivial. Then the subspaces and are both superalgebras 



equivalent to psu(l|l). Therefore, here f) in (5.9 1 is 

i) = [psu(i|i)]2 



(5.13) 



i.e. is the same algebra as c in (5.3 1, (5.11) 



5.3 Reduced AdSs x 5"^ theory 



As discussed in section 4T and appendix [B] the manifest bosonic symmetry of the Lagrangian of the reduced 
AdSs X theory has the following algebra 



iso(l,l)® [u(l)]^©[u^^Hl)]' 



(5.14) 



where the superscript (g) denotes a gauge symmetry. The fields on which the global part of the gauge 
symmetry has a linear action are field redefinitions of the fields on which the global H symmetry has a linear 
action. Therefore, the physical symmetry acting on on-shell states is 



iso(l,l)© [u(l)]' 



(5.15) 



In section |4.4| an on-shell quantum-deformed supersymmetry was shown to co-commute with the one-loop 
S-matrix. This quantum supersymmetry extends the physical symmetry of the theory to 



C/,(so(l,l) c ([u(l) c [psu(l|l)]2]' KU(1) 



(5.16) 



Due to the abelian nature of the bosonic subgroup (up to central extensions), only the action of the super- 
symmetry generators on two-particle states is quantum deformed. 

The AdS^ x 5^ superstring theory can be written as a 2-d sigma-model with the target spacep^ 

P5[?7(l,l|2) X C/(l,l|2)] 



f/(l, 1) X (7(2) 



(5.17) 



This theory has a global F = PS{[U{1, 1|2)]^) symmetry and G — U{1, 1) x U{2) gauge symmetry. Then 
in the reduced theory H — [U{1)]^. As explained in appendix [b| one of these U{l)s acts trivially on all the 
fields and can thus be ignored leaving us with H = [U{1)]'^. 



Once this extra u(l) is projected out we find that f) in (5.9 1 is 



(1= [U(l) € [PSU(1|1)]2]- XU(1) 



(5.18) 



We see that again f) is the same algebra as c in (|5.3[),( 5.16 1 



5.4 Reduced AdS^ x theory 

Let us now try to use an analogy with the lower-dimensional cases to understand which symmetries should 
appear in the AdS^ x 5^ case. The AdSi^ x 5^ superstring theory is based on the supercoset 



P5C/(2,2|4) 
5p(2,2)x5p(4)' 



(5.19) 



^^Here we use a somewhat non-standard form of the supercoset leading to an equivalent Lagrangian. As explained in appendix 
|B]the symmetry analysis of this theory is more systematic if we consider the coset | |5.17[ l. For a discussion of definitions of 
various projections of central elements see appendix [El 
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i.e. here F = PS'[/(2, 2|4) is the global symmetry and G — Sp{2,2) x Sp(4) is the gauge symmetry. The 
gauge group of the reduced theory is H ~ [SU{2)]*. Then the algebra ^ in ( |5.9[ ) isp^ 

f) = [psu(2|2)]^ (5.20) 
The manifest bosonic symmetry algebra of the reduced AdS^ x theory Lagrangian is given by 

1 4 



iso(l,l)® [su^s^S)]' 



(5.21) 



where again the superscript (g) denotes gauge symmetry. There is no additional global symmetry in contrast 
to the abelian H case. 



The perturbative S- matrix found in section 2.2.3 is constructed in such a way that it has manifest global 
symmetry [SU{2)]'^, which is the same as the global part of the gauge group. This is true at tree-level [1] 
and also at the one-loop level as will be shown in sections 6.1 and 6.1.1 A manifest (i.e. acting with the 
standard coproduct) non-abelian global symmetry of a relativistic, trigonometric S-matrix for the theories 
(1.1 ) is already in conflict [5] with the Yang-Baxter equation at the tree level. 

Motivated by the AdS^ x example, where the symmetry group f) was quantum-deformed, one may 
conjecture that the same should happen also in the AdS^ x case, i.e. the S-matrix should be invariant 
under the corresponding quantum group 



C/g(so(l, 1) € ([psu(2|2)]^ K R^)^ 



(5.22) 



where we have replaced c in (5.3) with [) from (5.20) 



An R-matrix invariant under Uq{p5u{2\2) k R^) has been studied in [351127]. It was observed that there is 
a particular classical limit of the R-matrix |37j that bears strong resemblance to the tree-level S-matrix found 
in [1]. We will extend this limit to all orders in 1/fc in section 6.2 finding a relativistic trigonometric R- 
matrix satisfying unitarity, crossing and the Yang-Baxter equation. In this limit the third central extension 
vanishes. The resulting R-matrix has similarities to the one- loop S-matrix of section [2.2.3| It is then natural 
to consider this R-matrix as a candidate for the physical S-matrix of the perturbative excitations of the 
reduced AdS5 x 5^ theory. 

Unlike the reduced AdSs x theory here the group H — [5L/(2)]* is non-abelian and therefore the 
quantum deformation will non-trivially affect its action on the two-particle states (the action of H on the 
one-loop perturbative S-matrix was assumed to be given by the standard coproduct). Understanding the 
origin of this quantum deformation is an important open question. More generally, this question applies also 
to similar bosonic models with a non-abelian gauge group [2J [T31 [HI [TT] discussed in appendix [G| 



6 S-matrix of the reduced AdS^ x theory 

In this section we finally consider the case of prime interest - the reduced AdS^ x theory - with the aim 
of understanding the structure of the corresponding quantum S-matrix. 

We shall first demonstrate that the group factorisation property of the perturbative S-matrix (see section 



2.2.3), first observed at tree-level in ITj, continues to one-loop level. The factorised S-matrix can then be 
compared with the quantum-deformed psu(2|2) x R^ R-matrix of 06] . A particular classical limit of this 
R-matrix was identified in 37J whose form is very similar to that of the tree- level S-matrix in [T]. We will 
extend this limit to all orders and show, in particular, that this similarity continues also to the one-loop 
order. It is then natural to consider this R-matrix as a candidate for the physical S-matrix of the perturbative 
excitations of the reduced AdS^ x theory. 

Other than the similarity with the tree-level S-matrix the main motivation for considering this R-matrix 
is an analogy with the S-matrix in the ^^5*3 x case which is invariant under a quantum-deformed 
supersymmetry. The choice of the symmetry algebra, psu(2|2) K is explained in section [s] Also, in 



bosonic theories similar to ( 1.1 1 with a non-abelian group H the quantum deformation has been conjectured 



to be the physical symmetry of the theory [T31 [ISl [IZ] ■ 

^^This same sub-superalgebra arises also when considering the expansion of the superstring action around the BMN vacuum: 
the manifest symmetry of the Lagrangian is broken to [5f7{2)]'' while the on-shell symmetry (under which the superstring 
S-matrix is invariant) is precisely f). 



32 



The one- loop S-matrix computed in pi and in section 2.2.3 is invariant under the maximal bosonic 
subalgebra of [psu(2|2)]^. This subalgebra is non-abelian. However, an S-matrix invariant under the quantum 
deformation is not invariant under this non-abelian symmetry with the standard coproduct for the bosonic 
generators. Hence there arc differences between the perturbative S-matrix originating from the action (1.1 1 
and the quantum-deformed S-matrix seen already at the tree level [371 [T] . This is not surprising as the 
quantum-deformed S-matrix satisfies the Yang-Baxter equation while the perturbative i7-invariant one-loop 
S-matrix does not. We conclude this section by investigating a relation between these two S-matrices. 



6.1 Perturbative S-matrix at one-loop order 



In the reduced ^^5*5 x theory [3] we have G = Sp{2, 2) x Sp{4) and the gauge group H = [SU{2)]^. The 
Lagrangian (2.3) is written with a manifest global 50(4) symmetry. This symmetry is a subgroup of the 
global part of the gauge group H. As the = gauge fixing preserves the global part of H the Lagrangian 
is expected to be invariant under the full H = [SU{2)]'^ global symmetry. This symmetry can be made 
manifest by using the field redefinitions [Tp^ 



(6.1) 



Y 


— (a ■ 


^ aa 


^ (y^m^ ad^m i 


Zfa - 


— (Pt 7 




— {p^m)aaZm 


Cm 




Y 

aa 


— 'm) aa^ra i 


X.m 


/- \aa. 

— y^ra) Acta i 


Xctd 





where {YaaY 



etc. The translation of (2.31 into the manifestly [S'?7(2)]'' invariant form is [T] 



TT 

2k 



bb\ 



- ^{YaaY'^^d+Y^^d-Y'' - Yaad+Y'^-Y^f^d-Y'' + ^YaaY'^'^Y^i^Y ^ 

+ - Z^^d+Z^'^Z^^d-Z^^ + ^Z^^Z^'-Z^^Z^^) 

+Kx.a,X.'''Y'''d+Y,, + XnaaXj-Y^'d^Y,, + MX.aaX/^n.^'") 



(6.2) 



-Kxr.o.,x.''z0'^^+z^^ + x,^,x/'zP-^^z^^ + ^,x.^,Xr.'''z^^z^^) 

+MCna^X.0i,Y^^Z^^ - Xnc.,C.bpY''Z^-) 



'^'^{'^Laa'^Lbp^R Ch^ XlociXl fSpXR ^Xr ) 



+ 0(A:-2). 



6.1.1 Group factorisation of the S-matrix 

Consider the following factorised S-matrix ^ IMj 

^\^^M<^^M) = (-1)[^1[^1+[^1[^1 |$^^(pi)<i>^^(p2)) , (6.3) 

^'^The 2-indices are raised and lowered with the antisymmetric tensors e°-^ , etc., i.e. = t°'^F^, Fi, = ti^^.F'^. Dotted and 
undotted indices are assumed to be completely independent. We use the convention that e^^ = 1, ei2 = —1, t"''ebc = ^.nd 
the rescaled set of Pauli matrices 

^1 - ^1 - °^ „2 _ -2 _ W l\ ^3 _ -3 _ Wo A 4 _ -4 _ \ 
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cCD _ , 
'^AB — N 



(6.4) 



where are functions of 9 and the couphng k. Here (with A — (a, a) and A = (d, a), where a, a, d, a are 
indices of fundamental representations of the four SU{2) groups comprising the global [SU{2)]'^ symmetry) 
encodes the fields Yod , Zaa , Caa , Xaa ■ As for the reduced ^^5*3 x theory (4.15 1 we assume the fermionic 
grading 

[a] = [d] = 0, [a] = [d] = 1 . (6.5) 

As in the reduced AdS^ x theory it is useful to consider "half" of this factorised S-matrix (6.4 1 as acting 
on a single field 

S\'S>A{pinBiP2))^S'^EiO,k)\^c{Pl)^D{p2)) , $A = (0a>a), (6.6) 

where (j^a are bosonic and ipa are fermionic. This S-matrix should satisfy the usual physical requirements 
of unitarity and crossing. The unitarity and crossing relations are the same as in (4.22 1, (4.231 and (4.24). 
The crossed S-matrix S'^g[9,k) is identical to S'^g{9,k) in (6.6) except with {K^, Kq, K^, K^) replaced by 
i{K^, Kq, Ky, Kg). Crossing symmetry requires the following relations between the functions Ki, 



Ki{iTr-9,k) =Ki{9,k) + K2i9,k), K2iin-9,k) = -K2{9,k), 
K5{in-9,k) ^iKj{9,k), Kj{iTT~9,k) = -1X^(9, k), 

KginT-9,k) = K9{9,k), 



(6.7) 



and similarly for K^, Kq, Kg, Kiq. 

For consistency (for example between S \Ym{pi)Cn{p2)) and § \CmiPi)Yn{p2)) , see appendixjE]) the functions 
Ki should also obey the following conjugation relations 



Ki(9,k) = Kl{-9,k) , 
K2{9,k) = K;{-9,k). 
K^{9,k) = -Kl{-9,k), 
Kri9,k) = K;i~9,k). 



K3{9,k)^K;{-9,k), 
Ki{9,k)^Kl{~9,k), 
Kei9,k)^-K*i-9,k) 
K^{9,k) = Kl^{-9,k). 



(6.; 



The Lagrangian (2.3) has also the Z2 symmetry (4.27) implying the following relations 

K^{9, k) = K^{9, -k) , K2{9, k) = Ki{9, -~k) , 

K5{9, k) = -Ke{9, -k) , Kr{9, k) = -Ks{9, -k) , 
Kg{9,k)=K,o{9,-k). 



(6.9) 



In appendix [E| equation (6.3| is expanded with arbitrary Ki and rewritten in the original SO{i) notation to 
enable comparison to the S-matrix of section |2.2.3[ Along with other relations between the parametrising 
functions, the relation between YYZZ and CCXX amplitudes (/a and functions) means the one-loop 
S-matrix of section 2.2.3 factorises as in (6.3), (6.4) with Ki given by 



K, = Po{9,k;^) , 

U9, k) =k,{9, -fc) = 1 + I tanh ^ " |J " g + Oik-^) 
K2{9, k) =Ki{9, -fc) = --coth9+ — + — + 0(fc-3) 
k5{9, k)=~ ke{9, -k) = sech ^ -I- 0(fc-3) 
k-j{9, k)^- ks{9, -k) ^ cosech ^ + 0{k~^) 



(6.10) 



(6.11) 



kg{9,k) =k,o{9,-k)^l + 0{k-^) 



34 



Here the phase factor po{d, k ; i) was defined in (2.15) and represents the square root of the factor in (2.201 



(where we considered the full S-matrix rather than "half" of the factorised S-matrix). 

The choice of the phase factor (2.20) ensures that Kg.io = 1 + 0{k~^) to one-loop order. This choice is 



convenient for comparing to the quantum-deformed S-matrix. From the expanded S-matrix in appendix [E] 
we see that like in the reduced ^^5*2 x S*^ case (but unlike the reduced AdS^ x case) a phase factor can 
be extracted such that both the amplitudes of Y„iZn — > YmZn and CmXn ~> CmXn scattering processes and 
Kq^iq are all equal to 1. 

The AdS2 x and AdS^ x superstring sigma models are of the same type being based on the supergroup 



PSU{n,n\2n), 



71 = 1, 2 



(6.12) 



It is thus natural to expect that the S-matrices of the corresponding reduced theories follow the same pattern, 
in particular, their phase factors are similar. The phase factors that we extracted in these cases in sections 
2.2.1 and 2.2.3 (given by the amplitude for the Y^Zn — > Y^Zn and CmXn — >■ CmXn processes) were equal. We 
thus conjecture that the phase factor of the reduced AdS^ x theory should be given by the phase factor 



(3.271 of the reduced AdS2 x S theory, again with A = ? as in (3.25). Further justification for this choice 



is presented in section [6^2] where we find that this is precisely the phase factor that follows from solving the 
conditions of unitarity and crossing for the quantum-deformed S-matrix. 



The one-loop perturbative S-matrix (6.4), (6.6), (6.11) satisfies the expected unitarity, crossing and con 



jugation relations, (4.22), (4.23), (6.7), (6.8) with the crossed S-matrix given above (6.7). Substituting the 



one-loop S-matrix (6.4) and (6.11 ) into the YBE, which has the same form as (3.15 ), one finds that the result 
is non-zero. This happened also for the bosonic models with a non-abelian symmetry H 2 where the role of 
the Yang-Baxter equation requires further study. In the next subsection we will consider the closely related 
quantum-deformed S-matrix j36|, I37j which by construction satisfies the Yang-Baxter equation ( |3.15[ ) . 

Let us make two additional comments. In the purely bosonic theories, the coupling k (level of WZW 
theory) is generally shifted by a constant in certain exact quantum relations. This shift is absent though in 
2-d supersymmetric models. There appears to be no shift of k also in the reduced AdS2 x S*^ and AdS^ x 
theories discussed in sections [s] and |4] The same should be true also in the reduced ^^6*5 x theory. 

In the reduced AdS^ x theory a quantum counterterm was required to restore integrability, i.e. the 
satisfaction of the YBE at one-loop order, see section 4.2 In the reduced AdSs x theory counterterms 
are not required to restore the group factorisation of the one-loop S-matrixp^ and the similarity with the 
quantum-deformed S-matrix of section [6^ suggests that indeed no additional local counterterms should be 
present here.r^ 



6.2 Quantum-deformed p5u(2|2) x M'^ symmetric S-matrix 

In |36| the fundamental R-matrix associated to the quantum deformation of the universal enveloping algebra 
[Uq) of the centrally extended superalgebra psu(2|2) k M.^ was constructed. In appendix [f| we generalise 
to all orders the trigonometric relativistic classical limit identified in [37] that exhibited similarities to the 
tree-level S-matrix of the reduced AdS^ x theory [1] . The trigonometric relativistic limit corresponds to 
(i) taking the global symmetry parameter g of |36) to infinity and (ii) identifying the quantum deformation 



parameter q with the coupling k as in (4.47) 



g = exp ( - ^) . (6.13) 



In this limit one of the central extensions vanishes leaving us with the symmetry group (5.22 ) expected from 
the arguments of section [5] . 

The quantum-deformed S-matrix in this limit takes the form 

5|</)i0i) = (J1 + J2) 



IS 



^^This is not the case for the bosonic G/H = SO{5) / SO(4:) theory discussed in |5]. There the quantum counterterms were 
required to restore group factorisation under sd(4) = su(2) ©0u(2) at one-loop order. 

^®In appendix [c] a particular functional determinant based on the group structure of the reduced theories (section |5.1 
proposed. The contribution of this functional determinant to the one-loop S-matrix vanishes in the reduced AdS2 x S'' and 
AdSs X theories while giving the required correction \4.9\ in the reduced AdS^ X S'^ theory. 

*''Such a parametrisation of the quantum deformation parameter is familiar from quantum group structures in theories based 
on (deformations of) WZW model (see, e.g., [52l [Til ITS) '). 
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7T TT TT 7T 

= -^i^^*^^ l0i</'2) + (^2 - iJitan-) I0201) - Jssec- |V'3'04) + Jsll + «tan-) |V'4V'3) 
5 |'/)20i) = sec - |02'/>i) + {J2 + iJi tan -) 10102) - sec - |?/'4V'3> + ^5(1 - «tan-) |-03V'4) 



>5 |(/)202) = (-^1 + -^"2) 10202) 
S\i'3^3) = (J3 + J4) 1^3^-3) 

5 |V'3V'4) = J3 sec ^ |'03V'4) + {J4 - iJs tan ^) |'04V'3) - -'"e sec ^ 
5 |-04V'3) = -^"3 sec ^ IV'4'03) + {J4 + iJs tan ^) |V'3V'4) - Je sec ^ 



(6.14) 



S |-04V'4) 
5100-0/!) 
5 |-0a06) 



where 



(^3 + ^4) |V'4V'4) 



Ji,3(6', fc) = Pq{6, k) cos - sech - cosh y- ± — j 
J2A{0,k) = TiPo{e,k) 



6i02) + J6(l + j tan -) |020i) 
i20i) + J6(l - j tan -) 10102) 



1 — cos 



cosh 6 + cosh 6 ± 



sin — cosech 6 
2k 



11 TT a 
-iP[){6, k) cos — sin — sech - 
k 2k 2 

TT e 

~iPo{9, k) sin — cosech - 



(6.15) 



J9,io(0,fc) =Po(^,fc) 

The functions Ji do not parametrise the quantum-deformed S-matrix in the same way as the functions 
Ki in (6.11 1 parametrise the perturbative S-matrix given in (6.4|: there is an additional dependence on 
q = exp(— ^). Consequently, the [S'C/(2)]^ global symmetry is broken to [C/(l)]^. The quantum-deformed 
S-matrix satisfies the Yang-Baxter equation. 
Extracting the phase factor PQ{6,k), 

Me,k)^Poi9,k) Me,k) , 

the 1/k expansion of the functions Ji{9,k) is given, to "one- loop" order, by 



(6.16) 



Ji{e,k) ^Me,-k) = 1 + ^tanh- 

M9,k) =Me,-k) = - -coth0 + — 



0(fc-3) 



o{k-') 



M9, k)=~ M9, -k) = sech - + 



(6.17) 



J7{9,k) = - Jsi9,-k) = cosech - 
79(6*, k) ^Jio{9, -k) = l + 0{k-^) . 



0{k-') 



There is a strong similarity with ( |6.11 1. However, iiri,2,3,4 contain some extra ^-dependent terms. The 
functions Ji in (6.15) do not satisfy the classical crossing symmetry relations obeyed by Ki (6.7), rather they 
satisfy a set quantum-deformed relations (6.25) given below. 



6.2.1 Phase factor 

To facilitate comparison with the one-loop S-matrix of sections [2 . 2 . 3| and |6 . 1 . 1 [ the phase factor Pq has been 
chosen such that Jg = Jig = 1. This phase factor is fixed by the physical requirements of unitarity, crossing 
and matrix unitarity [3S] (see appendix[F|. We give these relations in terms of the tensor function Sq'^g{9, k) 
defined by 

S\^a{pi)^b{p2)) ^ S,'i%{9,k)\^c{pi)^D{P2)) ■ (6.18) 
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Unitarity implies (see (F.12|) 



Substituting the quantum-deformed S-matrix ( 6.14[ ), (6.151 into (6.19) gives 



sinh 



,2 I 



,2 ji_ 
2k 



(6.19) 



(6.20) 



CD, 



To formulate the crossing constraint let us introduce the crossed quantum-deformed S-matrix Sq^g{6,k) 
which is identical to S^^^O, k) except with (J5, Jg, J7, Js) replaced by i( J5, Jg, J7, Jg). Then the crossing 
symmetry condition ( F.15[ ) implies 



^gSs k) C2 S,%l{zn + e, k) C-^l = blEl 

C,D,G,H=1 



(6.21) 



In view of the unitarity relation (6.191 this can be rewritten in the usual form 

4 



S,^AE{9,k)^ Y: (-l)[^l[^W^l[^lC|5-J^(z7r-0,fc)C-i 



(6.22) 



E,F=1 



The charge conjugation matrix is defined by 



(6.23) 



and similarly for C Substituting the quantum-deformed S-matrix (6.14), (6.15) into (6.19) gives the 
crossing relation for the phase factor 

Pa{i7r-e,k) ^ Pn{B,k) . 



(6.24) 



The crossing symmetry also requires the following relations between the functions J^, 

Ji{iT:~-9,k) = cos^[Ji{e,k) + J2{9,k)] , J2iin-0,k) = ^ cos^[j2{9,k) - tan^ jJi{e,k) 



Jdi-K — 9,k) ~ i cos —JiiO, k) , 
k 



J^Utt — 6,k) — — isec —JdO, k) 
k 



(6.25) 



J9{in-e,k) ^ J9{e,k) , 
and similarly for J3, J4, Jg, Jg, Jig. The conjugation relations 

Ji(0, k) = j*i-9, k) , ue, k) = j*{-e, k) , 

J2{e, k) = j*i-e, k) , Ji{e, k) = JU-o, k) , 

Me,k) - -j;(-0,k), Me,k) - -j;{^e,k), 

jj{e,k) = j;{-e,k), M0,k) = r.oi-o^k). 



(6.26) 



still hold as they did for the functions (6.8) as long as the phase factor satisfies 

Po{e,k) = p*{-o,k). 



(6.27) 



To summarize, the trigonometric relativistic quantum-deformed S-matrix (6.14), ( 6.15[ ) is consistent with 
unitarity and the quantum-deformed crossing symmetry provided the phase factor PQ(9,k) satisfies the 
following constraints 



Po{e,k)Poi~e,k) 
Po{m~e,k)^Po{e,k), 



sinh 



2 e 



2 e , „;„2 ' 
2k 

Po{0,k)^p*{-e,k). 



sinh" I -t- sm 



(6.28) 
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In section 6.1.1 P{0, ^) in (3.27) was conjectured to be a candidate for the phase factor of the reduced 
AdS^ X theory based on the one-loop computation and group-theory arguments. Here we are considering 
the factorised S-matrix so that the corresponding phase factor Pq is the square root of P, i.e. 

sinh 9 — i sin A 



Poi9,k)^^lP{9,-) = 



/ sinh 9 + i sin ? , tt , 

■ , . . . ^ m t): 

smh 9 — 1 sm -j: k 



Ri9,A) 



mA)=n 



rf A 

^ V27r 



/ r( 



A_ 
27r 



sinh 9 + i sin A 

i-m-f.+i-m-^+i+h) 



Y{9,A) Y{i^-9,A), 



rfA 

1 = 1 V27r 



27r 



2ir 



+ 1- 



2ir 



.z-i)r(. 



2ir 



+ 



A(fc) = 



(6.29) 



From the relations (3.31) we see that this phase factor satisfies the unitarity, crossing and conjugation 
relations (6.28 1. 



The small 9 expansion of the phase factor (6.29) is 

Pa[9,k) = - " 



— sign(sin-) + 0(.^). 



2k 



implying the initial condition for the quantum-deformed S-matrix (for /c > 0) 



CD 
^qAB 



(0,fc)=^(-l)[^l[^l5^<5g sign(sin^) 



(6.30) 



(6.31) 



The quantum-deformed S-matrix (6.14), (6.15) satisfies the graded Yang-Baxter equation (3.15) by construc- 
tion [36]. We have also checked this explicitly. 



The quantum-deformed S-matrix (6.14), (6.15) along with the phase factor (6.291 is thus a candidate for 
the physical S-matrix for the perturbative excitations of the reduced AdS^ x theory. There are many 
additional properties of this S-matrix to investigate, for example, the pole structure. 



6.2.2 Quantum-deformed symmetry 

Let us review the action of the quantum-deformed symmetry j36j on the S-matrix ( |6.14 1. The symmetry 
algebra is the quantum deformation of the universal enveloping algebra, J7g(psu(2|2) k W^). The generators of 
psu(2|2) K are:|^ - generators of one bosonic su(2); Z£ - generators of the second bosonic 5u(2); Qj^ 
- one set of four fermionic generators mixing the two su(2)s; S^'' - the second set of four fermionic generators; 
£, ^± - the three central charges. The non-trivial (anti-)commutation relations of these generators are 

^f] = Sl9\J - Sim/ , = S^^£j - di£/ , 

[mj>, 0/] = - l^iQj , 0/] = -di£}/ + 0/ , 

[mj', e/] = ~5i&/ + \5l&/ , = 5P^&/ - \5i&/ (6.32) 

{6„^ 0/} = Slil/ + 5id\/ + 5l5i€ , 
{0/, 0/} = -eace^'*P+ , {6„^ 6^'*} = e^^e'"^^ . 

The universal enveloping algebra, J7(psu(2|2) k M"^) is generated by polynomials of the Lie algebra generators. 
A minimal set of its generators can be taken as follows]^ 

^1 = 9^2^ _ ^n^i = 25R2^ (Si=lH2i, 

^2=-^-\^l~\^Z, €2 = 64', ^?2=02^ (6.33) 

In this basis the symmetric Cartan matrix is 

A,k =1-10 1 I (6.34) 




Compared to the notation of 1361 we have renamed S <-> 13 and .8, 'P — > — ^P-|-,^P_. 
''^Not all the generators of the Lie algebra need to be kept explicitly as certain generators can be rewritten as polynomials of 
other generators. 



38 



and the commutation relations with f)j are 

, i^fe] - , [Sjj , - A,k , , Sk] = -Ajkdk ■ (6.35) 

The non-vanishing (anti-)commutators between (£j and 5'^ are 

[<Si, {<£2,;?2} = -.52, [£3, i?3] = -%. (6.36) 

The Serre relations, which we will not give here, are discussed in |36| . 

In the quantum deformation, the commutation relations with stay as they are. The three non- vanishing 
(anti)-commutators between 2;^ and ^k are deformed to 

[iOi],, {0:2,52} = -[^2],, [€3,53] = -[i53],- (6.37) 

^qZq-i a-nd the quantum deformat 
relations similarly become quantum-deformed, see |36j 



Here again \x\^ = a-nd the quantum deformation parameter q is related to k by (6.13). The Serre 



The quantum-deformed generators have the following action on the one-particle states \4>a), \ipa 



m 



Al)=-|0l), ^l\<t>2) ^\(t>2) , f)ii7/>3)=0, S0l\i'4)^O, 

/.l) =-(C- , i^2|<^2) = -(C+|)i02) , ij2|^3) = -(C-i)|V3) , i32|V^4) = -(C+i)|^4) , 

6i)=g5|02), £ii<;!>2) = 0, £i|i/'3)=0, £ili/'4)=0, 

61) =0, £2|<;!>2) =a(l?,fc)|V'4) , £2|V'3) ^K'^.fc)!^!) , e2|V'4)=0, 

61) =0, £3|<?!>2)=0, (£3|V'3)=0, e3|V'4) = IV'3) , 

f>i)=0, di\<l>2)^q-^\4>i) , 511^^3) =0, 5i|V'4)=0, 

ii) =c(t?,A;)|^/>3) , 52!<?!'2) = 0, 52|V3)=0, 52IV4) = d(i?,fc)l<?ii) , 

f'i) = 0, 53|<;!>2) = 0, 53 IV'3) = g5 1^4) , 53|V'4) = 0, 

e:|$A) = C(i9,fc)i-I'A) , «p±i$A) =P±(i?,A:)l$4) . (6.38) 

The trigonometric relativistic limit of the R-matrix in [36] is found by taking g ^ 00. Taking this limit in 
the functions a, b, c, d, 'P± and C given in [36] leads to similar relations as ir|^ (4.481,(4.49) 



iD3 

€2 
€3 

52 
53 



a(i?,fc) = W^sec^ e-T-w , 6(1?, fc) = a* (z9, fc) , c(z9, fc) = -e'' a(i9, fc) , d(i?, fc) = e'' a* (i9, /fc) , 
V 2 2k 

(6.39) 

^±(l9,fc) = ^sec^e±^ C(i9,A:) = 0. (6.40) 
The vanishing of C is consistent with (|F.8[) and confirms the claim that the third central extension vanishes 



and (5.221 is left as the symmetry algebra. The functions a,b,c,d satisfy the four relations required for the 



closure of the supersymmetry algebra, 

ad=[C+^]^, bc=[C-^]^, ab = V-, cd=-V+. (6.41) 

Since 'P± ^ e^"^ we may again interpret *p± as the lightcone momentum symmetry generators up to a 
normalisation. Once again, the resulting symmetry algebra strongly resembles a 2-d supersymmetry algebra 
with a global bosonic R-symmetry. The supersymmetry generators are charged under both the Lorentz group 
(they anticommute to 2-d momentum) and the global bosonic symmetry group. The existence of the global 
bosonic R-symmetry appears to quantum-deform the supersymmetry. Unlike the reduced AdS^ x theory 
here the bosonic symmetry is non-abelian and therefore is non-trivially altered by the quantum deformation. 

To define the action of these symmetries on the two particle states, the coproduct is required. In [36j 
an additional braiding factor, il, was introduced in the coproduct. In the g ^ 00 limit the braiding factor 

^^In appendix [f] the notation d is used in considering two particle states. It stands for the function C(i},k) evaluated with 
the rapidity i?i of the first or the second particle. 

''''The g — 00 limit of b, d, 'P± in 1361 is slightly technical. The simplest way to compute them is to use a and c in the limit 
g — > 00 and the relations coming from the closure of the supersymmetry algebra on one-particle states. Alternatively, one can 
expand out the expressions for b, d, 'P± as a power series in g~^. For this one needs the next-to-leading order corrections in 
g^^ for q'-^ , x" and 
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becomes trivial, see (F.8|. The usual quantum-deformed coproduct is 



A(€,) = (£, 



a(g:) = c:«)I 

A(<p_)=<p_ 
A('P+)=^+«g 



9 

-2(>; 



2£ 



(6.42) 



has same form as in (4.46)) 



The quantum S-matrix (6.141 satisfies the co-commutativity relation with the symmetry generators (which 

Aop(a) S^S A(3) . (6.43) 



6.3 Relating the perturbative S-matrix and the quantum-deformed S-matrix 

Let us now discuss a possible relation between the one-loop perturbative S-matrix for the reduced AdS^ x 
theory in its factorised form given in section 6.1.1 and the quantum-deformed S-matrix of [36) in the 



relativistic trigonometric limit (6.14), (6.151 



Let us look at a particular sector of the quantum-deformed S-matrix, (6.14), (6.17) at leading (tree-level) 
order in the 1/k expansionr^ 



(tree) 



10101 



/ 1 





10102 



10201 



f tanhf 



cothe*-!- f 



10202 





-fcoth^ 




V 



tlT -1 

k ^ 



H tanh I 







1 / 



10101) 
10102) 
I020l) 
10202) 



(6.44) 



Compared to the tree-level terms in the perturbative S-matrix (6.11) here the off-diagonal entries contain 
extra terms. These corrections obey the conjugation relations (6.8) and thus it appears that one does not 



need to alter the standard commutation relations of creation operators. It is unlikely that such a correction 
may come from a standard local quartic interaction term (of the type that we considered in j2j and section 
O] ). 

Adding local counterterms and quantum deforming a symmetry appear to be two disconnected possi- 
bilities. Counterterms may restore some properties of integrable theories such as group factorisation. The 
Yang-Baxter equation, however, has a tree-level anomaly if the global symmetry H is non-abelian and that 
anomaly cannot be removed by adding a local counterterm. This anomaly can be avoided via a quantum 
deformation of the symmetry algebra, but how this could happen in a Lagrangian formulation is not clear 
at the moment. 

To relate the two S-matrices we may try an alternative approach - to find a non-unitary rotation of the 
deformed S-matrix that restores the classical [SU{2)]'^ symmetry and maps it into the perturbative S-matrix. 
Below we find a rotation which does this at tree-level. The rotated S-matrix does not satisfy the unitarity 
relatio n, (|4.22 1 or crossing symmetry (4.23) (the crossed S-matrix for the reduced AdS^ x theory is given 
above (6.7)) implying this agreement does not extend beyond the tree level. It is unclear if it is possible to 



generalise the rotation matrix in such a way that the rotated S-matrix satisfies these physical requirements 
and agrees with one-loop factorised S-matrix of section |6.1.1| 

Whether the quantum-deformed S-matrix or its rotation is actually the physical S-matrix of the pertur- 
bative excitations of this reduced theory is an open question. 



Note that the phase factor Pq = 1 -I- 0{k ) and thus it plays no role at the tree level. 
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6.3.1 Tree-level transformation 



To identify a rotation matrix that restores the classical [SU{2)]'^ symmetry when applied to the quantum- 
deformed S-matrix we consider the latter as a matrix acting on the space of two-particle states. 



Sql — 



l^l^l) \4'24>2) IV'Sl/'s) \i>4lp4) 

/ J1 + J2 

J1 + J2 

J3 + J4 

V J-i + Ji J 



\<f>l<f>2) 
\<t>2<f>l) 
IV'3V'4) 
|V'4V'3) 



Sq3 = 



J9 Js 

J? JlO 



\(t)a1pa) 
\lpa4>a) 



Sq2 ~ 



( Jl 

[■h + Jl) cos f - eT Jl 
V eT J5 



\4>2(i>\) IV'3'04) 
( J2 + Jl) COS I — e" T Jl — Jg 

Jl eTjg 
e~^J5 J3 

- J5 ( J4 + J3) cos ^7 - eT J3 



e~T Jg 
-Je 

(J4 -I- J3) cos \- e' 
J3 



Rotating the quantum-deformed S-matrix with the following transformation matrices 



gives 



1 ^ 

10 

10 

V 1 y 



;72 = yi 



cos 



2fc 



I sm 
cos ^ 





2k 



U. = 






-i sin 



2fc 



1 
1 






i sin 
cos 



2k 



2k / 



\(t>l(t>l) \4>24>2) |^3'!/'3) |V'4''/'4) 

/ J1 + J2 

Jl + J2 

J3 + J4 

V Ji + J4 / 



10102) 
I020l) 
|'i/'3V'4) 
|^4V'3) 



UlSqiUs = 



Jg Jg 
J7 Jio 



k J3 
(6.45) 



(6.46) 



\<i>ai'a) 
\lpa4>a) 



10102) 
I020l) 
|V'3V'4) 
!V'4V'3) 



q2 



U2 = 



01 


02) 


102 0l) 


1^3-04) IV'4'03) 




/ 


Jl 


J2 


— Je Je ^ 




10102) 




J2 


Jl 


Je — Je 




I020l) 




-Js 


Js 


J3 J4 






\ 


Js 


-Js 


J4 J3 j 




IV'4V'3) 



(6.47) 

The rotation clearly transforms the quantum-deformed S-matrix such that it becomes invariant under the 
classical symmetry group [SU{2)Y. 



The functions Ji parametrise the rotated S-matrix (6.47) in the same way the functions Ki parametrised 
the one- loop perturbative S-matrix of section 6.1.1 



(6.6), (6.4 



Furthermore, the leading terms in the 



expansion of the functions Ji and Ki match (see (6.11) and (6.17l), i.e. the rotated S-matrix (6.47) matches 
the perturbative S-matrix at the tree-level. 

Note that because U2 is not a unitary matrix there is no contradiction with the fact that while the 
perturbative S-matrix does not satisfy the YBE at the tree-level, the quantum-deformed S-matrix does by 
construction. 
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6.3.2 Beyond tree-level? 



Beyond tree-level the functions Ji and Ki disagree. This is expected as the rotated S-matrix (6.47) does 
not satisfy the unitarity and crossing relations (4.22) and (4.23). In particular, the functions Ji satisfy the 
crossing relations (6.25), whereas the crossing relations for Ki are given by (6.7). 

It is natural to try to generalise the rotation matrices U}. so that the resulting rotated S-matrix still 
respects the classical group symmetry, [S'[/(2)]^, but also satisfies unitarity and crossing. Note that this will 
introduce a rapidity dependence into the rotation matrices Uk- 

To get clues about how to do this one may try to find perturbative corrections to the functions Ji 
restoring unitarity and crossing symmetry order by order in This procedure does not uniquely fix the 
corrections. The simplest corrections that restore unitarity and crossing at one-loop are exactly those that 
give the perturbative functions Ki (6.11 1. At higher orders J5, Jg, J7, Js, J9 and Jio all require corrections, 
implying that both Ui and C/3 will also be non-trivial. 

To conclude, which transformation relates the perturbative [5?7(2)]^ invariant S-matrix to the quantum 
deformed S-matrix satisfying YBE and what is the origin of the quantum group symmetry remain central 
open questions. An on-going investigation of the integrable structure |161 148j and the solitons in similar 
theories [HI HSl E] may provide a deeper insight into these issues. 



7 Concluding remarks 

In this paper we have studied the S-matrix for the perturbative (Lagrangian-field) excitations in a class of 



2-d UV finite massive quantum field theories (1.1) which (at least at the classical level) may be interpreted 
as Pohlmeyer reductions of the AdSn x 5'" superstring theories. 

We reviewed in detail the AdS2 x 5^ case where the reduced theory is equivalent to the N — 2 super- 
symmetric sine-Gordon model and thus the exact S-matrix is known (not only in the perturbative-excitation 
sector but also in the solitonic sectors). Certain properties of this S-matrix (e.g., the structure of the phase 
factor) are shared by more complicated cases with n > 2 where also some new features appear. 

In the AdS^ x case (which may be viewed as a fermionic generalization of the sum of the complex 
sine-Gordon and complex sinh-Gordon models) we found that the perturbative one-loop S-matrix derived 
directly from the Lagrangian formulation requires a correction coming from a particular local counterterm 
in order to be consistent with quantum intcgrability, i.e. to satisfy the Yang-Baxter equation. It remains an 



interesting open question as to whether there is an alternative formulation to (1.1 1 of this theory (treating 



bosons and fermions in a more symmetric way - cf. fermionic gauge fields in supersymmetric gauged WZW 



theory [511 1^) that automatically produces the required counterterm (4.9) as happened in the complex 
sine-Gordon case [2]. Such a formulation may also make more manifest a (non-local) 2-d supersymmetry 
recently observed at the level of the corresponding classical equations of motion [47l |48] and also at the level 
of the Lagrangian ( |1.1| in [35]. In particular, non- localities like (9+)~^ may be indicating that some massless 
fields were solved for. 

Indeed, we discovered that at the tree level the perturbative S-matrix is invariant under a (4, 4) 2-d super- 
symmetry algebra originating from the underlying supergroup structure, with the 2-d momentum operator 
playing the role of a central extension. However, in contrast to the case of the AdS2 x 5^ theory here 
this tree- level symmetry still requires a non-standard coproduct. The supersymmetry algebra itself gets 
quantum-deformed, starting at the one-loop level - the anticommutator of the left and right supercharges is 
modified by a non-linear term depending on the abelian global symmetry generators. It would be important 
to understand the origin of this quantum deformation, e.g., if it is somehow related to a non-locality of the 
classical supersymmetry discussed in [47 , 48J . Under the assumption of the quantum-deformed supersymme- 
try algebra we proposed the exact (all orders in 1/fc) expression for the perturbative S-matrix of the reduced 
AdS^ X S'^ theory. It remains to study its pole structure and to reconstruct the corresponding solitonic 
sectors of the full physical S-matrix of this theory. 

Our prime interest - the reduced AdS^ x theory - has an additional non-trivial feature: the corre- 
sponding gauge group H = [S'C/(2)]* is non-abelian and consequently the Lagrangian ( |1.1| ) does not have an 
additional global H symmetry as in the abelian case. 

The perturbative S-matrix defined by the gauge-fixed Lagrangian has a manifest H ~ [SU{2)]'^ global 
symmetry which is the global part of the gauge group. We computed the one-loop contribution and have 
shown that the group factorisation property of the S-matrix discovered at the tree-level in [T continues to 
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one-loop order. However, the Yang-Baxter equation which has a tree-level anomaly [TJ [2] continues to be 
violated. 

Motivated by the existence of the quantum-deformed supersymmetry in the AdS^ x case we proposed 
that the factorised S-matrix of the AdS^ x theory may also have quantum-deformed symmetry while also 
satisfying the Yang-Baxter equation. We suggested that the corresponding "quantum-deformed" S-matrix 
may be identified with a quantum-deformed R-matrix corresponding to the symmetries of the AdS^ x 
case, i.e. with the fundamental R-matrix for the quantum deformation of the universal enveloping algebra of 
psu(2|2) K M.^. This R-matrix was constructed in [36 , and in [37] a particular limit was identified in which its 
structure becomes similar to that of the tree-level perturbative S-matrix [T of the reduced AdSs x theory. 
Here we extended this trigonometric relativistic limit to all orders and demonstrated that the similarity 
between the resulting R-matrix and the perturbative S-matrix directly defined by the Lagrangian continues 
to be present also at the subleading one-loop order. 

There are, however, significant differences between the quantum-deformed S-matrix and the perturbative 
S-matrix. In particular, as the algebra of H is non-abelian, its action on the quantum-deformed S-matrix 
requires a non-trivial coproduct, i.e. is also quantum-deformed. To try to relate the two S-matrices we 
constructed a non-unitary rotation that mapped one into the other at the tree level. Whether this rotation 
can be extended to higher orders in 1/fc is unclear, but if it is possible it will involve introducing a rapidity 
dependence into the rotation matrix. 

The need for this rotation may be related to some conflict between the gauge choice A^ = and the 
conservation of hidden integrable charges: it is the presence of the global non-abelian symmetry in the gauge- 
fixed action that leads to a tree-level anomaly in the YBE. This issue, as well the reason for the quantum 
deformation of the symmetry in the Lagrangian formulation, remain to be clarified. 
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Appendix A Complete S-matrices of the J\f = 1 and J\f = 2 super- 
symmetric sine-Gordon models 

In this appendix we review the complete S-matrices of the Af = 1 and Af = 2 supersymmetric sine-Gordon 
theories [151 HI] . 

A.l A/^ = 1 supersymmetric sine-Gordon 

The Lagrangian oi Af — I supersymmetric sine-Gordon model may be written as (cf. ( |3.1[ )) 

^AT^^ — -^{d+ipd^ip + ^ cos2ip + i5d^5 + i vdj^v — 2ipLv5 COS ipj , (A.l) 

In section |3.3| the S-matrix for the perturbative excitations was reviewed. The complete S-matrix of this 
theory is much larger due to the existence of solitons and breathers. Schematically, it takes the following 
form [35] 

soliton-soliton: Ssg{0. A) (g) sf's^{e, A) , 

soliton-breather: 4g A) «) 5*^"^ (6*, A) , ( A.2) 

breather-breather: S^G™^ A) ® S^^'£^ (S, A) , 
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withE] 

A - ^ • (A.3) 

ft, 2 

The S-matrix factorises into the bosonic (Ssg) and supersymmetric (Srsg) parts. The bosonic factor is 



always the S-matrix for the corresponding excitations in the sine-Gordon model with the coupling (A.3|. 
The supersymmetric part is discussed in |46| . The S-matrix for perturbative excitations we discuss in this 
paper is a special case of the breather- breather S-matrix with n = m = 1, see [15] . The bosonic n = m = 1 
factor is given by 

smhw — isniA 



Similarly, the supersymmetric n = m = 1 S-matrix is given by (3.23) 



5&2(^.A) = 5AA,(e,A). (A.5) 
Looking for poles and zeros on the physical strip amounts to investigating the limit when 9 ~ lA. Ssg{0, A) 



has a simple pole at 6* = zA. The S and U channels (defined in section 3.3) of Sj\f-^{9,A) have a simple 
zero, while the T and V channels have no pole or zero. Thus the S and U channels of the total perturbative 
excitation S-matrix have no pole or zero, while the T and V channels have a simple pole aA 9 = iA 
corresponding to the existence of a bound state. 

A. 2 = 1 supersymmetric sinh-Gordon 

A related theory is A/" = 1 supersymmetric sinh-Gordon. This theory is formally related to A/" = 1 super- 



symmetric sine-Gordon (A.l) by the transformation 



if ^ icf) , V ^ ip , d ia , and k ~> ~k , (A. 6) 



i.e. the Af = 1 supersymmetric sinh-Gordon Lagrangian is (cf. (3.1)) 



2 



^j^^i ~ k{d+(t)d-4> — cosh2(f> + iad^a + i pd+p ~ 2i^, pa coshcf)) . (A. 7) 



The exact S-matrix for the perturbative bosonic and fermionic excitations is related to the above one by 
k — > — fc (see also section 3.3 1 

S,,{9,~A{k))®SMAd,-A{k)), 

A{k) = . (^-8) 

Unlike the M — 1 supersymmetric sine-Gordon case this theory does not have a degenerate vacuum and 



thus has no soliton solutions. The perturbative excitations are the only physical excitations and thus (A 
is the complete S-matrix for this theory. 

The pole structure of the S-matrix is consistent with this. Looking for poles and and zeros at = zA, the 
S and U channels have neither while the T and V channels have a simple zero. The lack of poles implies hat 
there are no bound states of the perturbative excitations and is an evidence for the absence of any additional 
sectors. 

A.3 M = 2 supersymmetric sine-Gordon 

In section |3.4| the S-matrix for the perturbative excitations of A/" = 2 supersymmetric sine-Gordon was 



interpreted jUj as the supersymmetrisation of the bosonic sine-Gordon S-matrix (3.261. One can also 
interpret the same S-matrix as the supersymmetrisation of the bosonic sinh-Gordon S-matrix. Indeed, 
rather than labelling the states as in (|3.4| let us label them as follows 



|y) = |<i>oo), IC) = l*oi), 

\Z) = I'&ii) , Ix) = I'&io) , ^ ■ ^ 



°In the bosonic sine-Gordon theory one has A = . 
''''For reference, it is useful to note that Ssg{d,—ll) has a zero at 9 = iA, whilst Sj^-^{9,—h.) has a pole in the S and U 
channels and neither a pole nor a zero in the T and V channels. 
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with the index being bosonic and 1 fermionic. Instead of factoring out the S-matrix for the perturbative 
excitation of the sine-Gordon model we may factor out the S-matrix for the perturbative excitation of the 
sinh-Gordon model. This corresponds to replacing k — > —k and A — > —A in (3.19) and (3.25). The Af = 2 
supersymmetric sine-Gordon S-matrix then factorises as follows 



Ssg{0, -A) ® Sm, {0, -A) ®^ S-M {0, -A) , 



A 



(A.IO) 



k 



The two ways of writing this S-matrix are consistent as they have the same poles and zeroes. This can be 
seen using the results quoted in appendices |A.1| and |A.2| 



While it is possible to factorise the S-matrix as in (A.IO) this is not the best way for interpreting it. The 
reason is that f\f — 2 supersymmetric sine-Gordon model has solitonic excitations which, like in bosonic 
sine-Gordon case, play the role of the elementary excitations in this theory |44) . To construct the S-matrix 
for these excitations we can generalise the discussion in appendix | A. 1| for sine-Gordon model, but not for the 
sinh-Gordon as it has no such excitations. The complete S-matrix for M = 2 supersymmetric sine-Gordon 
theory takes the following schematic form (A = |) 



soliton-soliton: 
soliton-breather: 
breather-breather: 



say 

SG\ 



-A). 



(2) ( 

Rsoy 

^RSG^ 



I A) ^aS^nSG 



^RSG 



(^,A), 
(^,A), 



(A.ll) 



4"/') (9, A)® (0, A) ® , 4"^™) {9, A) 



Identifying the lowest mass n 



m 



1 breather with the perturbative excitation and using (A.4), (A.5) one 



finds agreement with (3.26) 



Appendix B Comments on symmetries of AdS^ x superstring 
and reduced theory 

In this appendix we discuss symmetries of the AdS^^ x reduced and superstring theories. The usual way 
of constructing the GS superstring sigma model is to start with the coset [SS] [S] 



[PSU{l,l\2)Y 
SU{1,1) X SU{2) 



(B.l) 



The numerator group [PSU{1, 1|2)]^ has a bosonic subgroup [SU{1, 1)]^ x \SU{2)Y that can be extended by 



four central elements to \U{1, 1)]^ x [[/(2)]^. The coset (B.l I can then be rewritten as 



[t/(l,l|2)]^ 
[/(1,1) X U{2) X [U{l)Y 

Following [5] we use the following parametrisation for [?7(1, 1|2)]^ 



(B.2) 
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ai 


a 








\ 




a 


hi 
















0.2 


p 




I 










b2 


) 



(B.3) 



where ai, 02 are 2 x 2 [/(1, 1) matrices and 61, 62 are 2x2 U{2) matrices, a and f3 are 2x2 complex 
fermionic matrices, as are a and /3, which contain the same degrees of freedom as a and /3 respectively. 
The corresponding superalgebra f = [u(l, 1|2)]^ admits a Z4 decomposition 



f = fo + fi + f2 + fa 



[fjj fj] fj+jmod4 J 



(B.4) 



where even/odd subspaces are bosonic/fermionic. The Z4 decomposition relevant for construction of the 
reduced AdSs x theory is discussed in [S]; its key property is that it mixes the two copies of [U{1, 1|2)]'^. 
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Two of the four central elements discussed above live in fo and two in the f2 subspace.|^ In the AdS2 x 
and AdS^ x theories all central elements in f2 are "manually" projected out. We may do the same for 
the AdS^ X case. For the symmetry analysis of the reduced theory we shall not project out the central 
elements in fo- Then the corresponding supercoset we shall consider is 



PS{[U{l,l\2r) 
U{1,1) X U{2) 



(B.5) 



Here P and S in the numerator supergroup correspond to the following constraints on the entries of (B.3I 



Tr(ai) 
Tr(ai) 



Tr(&i) 
Tr(&i) 



Tr(a2) 
Tr(a2) 



Tr(62) 
Tr(fe2) 



(B.6) 



Choosing the same element T E a {a is the maximal abelian subalgebra of f2) as in [5], we find that the 
subalgebra [} C fo defined by [f), T] = is [u(l)]4. 
One of the four u(l)s takes the following form 







(B.7) 



As the structure of the numerator supergroup (B.3) is block diagonal, any "symmetry" arising from this 



generator will have a trivial action on all the physical fields in both the superstring and reduced theories. 
In the reduced AdSs x theory the bosonic H symmetry is therefore [?7(1)]^ rather than [[/(l)]^ that one 



might predict by considering just the coset (B.l I. The bosonic symmetries of the reduced theory thus consist 
of a global [C/(l)]^ and a gauged [f/(l)]^. 

It is worth noting that the Lagrangian of the worldsheet superstring is not altered by this discussion. 
All we have done is to include the central elements in the numerator supergroup and simultaneously divide 
by them in the denominator group. Therefore, the G-gauge symmetry can always be used to remove them 



giving back the original supercoset (B.l). The addition of these two central elements does not affect the 



construction of the reduced theory. They both live in the algebra f), which is gauged in the reduced theory 
(i.e. the central elements do not alter the degrees of freedom count). 



Starting with the coset (B.5 1 one may carry out the Pohlmeyer reduction procedure by first gauge-fixing 



these central elements and then proceed as in |S]. Alternatively, if the central elements are included, then 
there are two extra degrees of freedom in the group field g and A± , but also two extra gauge symmetries.]^ 
Considering the A^ = gauge, integrating out A_ and using the resulting constraint equation to eliminate 



one finds that the additional central elements have no effect on the resulting Lagrangian (2.18), i.e. we get 
again (the quartic expansion of) the Lagrangian constructed in [5]. 



Appendix C Counterterms from functional determinants 

In [38] the one-loop S-matrix for the complex sine-Gordon model was computed using a Lagrangian describing 
a single complex scalar and the Yang-Baxter equation was found to be violated at this order. The authors 
proposed that preserving the symmetry (integrability) should be the guiding principle for quantization of 
the theory and found that there exists a local counterterm which restored the validity of YBE at one-loop 
order. 

It was subsequently suggested that understanding the complex sine-Gordon theory as arising from a 
gauged WZW [lOj should explain the origin of this quantum counterterm. This was demonstrated explicitly 
in [2 where several methods of deriving the one-loop quantum counterterm for the complex sine-Gordon 



theory as defined by the gauged WZW plus integrable potential action (cf. the bosonic part of ( 1.1 1) in the 
path integral were presented, each giving precisely the corrections required to restore YBE and match the 
expansion of the exact S-matrix of [28J . As was shown in [7 , the quantum counterterms may be understood 
as arising from the functional determinant appearing after integrating out the gauge field A± . 

**This is different from the case of the AdS2 x and AdS^ X theories, where the numerator supergroup for is of the 
form PSU{n,n\2n), n = 1, 2. Compared to U{n,n\2n) the two central elements have been projected out (the supertrace and 
the trace). These both live in f2 when considering the Z4 decomposition of U{n,n\2n). 

''^One of the U{1) gauge symmetries has trivial action on the group field g, containing the physical bosonic excitations, and 
on the fermions; however it will have a non-trivial action on the gauge field. 
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One of the methods discussed in 2j was based on fixing the gauge = and integrating over the gauge 
field A_ to get a delta function constraint S{g~'^d+g\t,) in the path integral. This constraint is then used to 
eliminate the remaining unphysical degree of freedom ^ in (2.1 1 from the classical action. In addition, this 
delta function factor leads to a functional determinant of the formF°] 

{detO+)-\ 0+v = d+v + B+v, wet). 

Introducing an orthonormal basis {Ti} for t) and defining 

B+T, 



(C.l) 



(C.2) 



one can compute the contribution of this determinant (e.g., via standard anomaly argument). This leads to 
the following one-loop correction to the Lagrangian 



AL 



1 



B 



+ 1] 



B4 



(C.3) 



For the purpose of computing the one-loop two-particle S-matrix higher order 0{B^) corrections here can 
be ignored as B is quadratic in the physical field X in (12. 1|). 



C.l Bosonic theories 

Let us briefly review the structure of the resulting corrections for the complex sine-Gordon and the G/H — 
SO{N + 1)/S0{N) generalised sine-Gordon theories j2^ using the parametrisation of g given in (2.1). For 
the complex sine-Gordon case {G/H — SU{2)/U{1)) 

B+v = -^-{[X, [d+X, v]] + [d+X, [X, v]]) . (C.4) 

Here H = U{1) so the indices i,j take only a single value and the matrix -B+ij (C.2 1 may be denoted simply 
B+. Also, i?+ is a total derivative (_B+ = d+b) of a local function of X and thus the correction to the 
Lagrangian can be written as (we set i?_ = d-b = ^_B+)|^ 

AL = — -B+B^ . (C.5) 
Stt 

Expanding the field X = X^Tm where {T,„} is an orthonormal basis for ra (the coset part of the algebra of 



G) and recalling that we should rescale the fields by y (C.5) precisely matches the result for the local 
counterterm found by the second method in [5]. 

For the G/H = SO{N + 1)/S0{N) theory we may split into a symmetric and antisymmetric partsp^ 

B+v = B%v + B%v , 

B%v = -\{[X, [d+X, v]] + [d+X, [X, v]]) , 6> = \[[X, d+Xl v] . ^^'^^ 



As for the complex sine-Gordon case the symmetric part ^3+^ (C.2) can be written as a total derivative of 
a local bilinear expression in X. The antisymmetric part satisfies the following identityp^ 

{^BX)v ^[[X, d+X], v] = -[[X, d^X], v] + ^[[X, d+d^X], v] (C.7) 
0+ 0+ 0+ 

For the purpose of computing the one-loop S-matrix the second term can be ignored as it vanishes on the 
linearised equation of motion for X 

d+d-X + f?X = Q. (C.8) 



^"Here B+ is a field dependent matrix built out of commutators acting on the vector space f). In particular, we require that 
B+v £ () for I) £ (). At leading order B+ is quadratic in fields. For further details see 2 . 
^'^As H = U{1) is abelian there are no 0{B^) corrections in |C.3| l this case. 

^^To compare to [2] note that B+ij = —^fmpifnpj^md+X„ = —^Vmnij^md+Xn, where fmpi are the structure constants 
of the algebra g decomposed as g = m © f) . 

^^Here the differential operator acts of course only on the fields contained in B+ and not on v. 
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We can therefore replace 

and thus the correction to the Lagrangian can be written 

1 



AL 



Bl,^Bl^,)+OiB'). 



(C.9) 



(C.IO) 



C.2 Reduced AdSn x S"" theories 

The method of finding counterterms that worked for the complex sine-Gordon model does not give the 
required counterterm for the reduced AdS^ x theory discussed in section 4.2 Also, the counterterm 
obtained in the same way as above in the case of the reduced AdSs x theory would break the group 



factorisation property of the one- loop S-matrix in section 6.1.1 



In this subsection we will postulate a single functional determinant based on the group structure and fields 
of the theory that gives the required result in all 3 cases: non-trivial one-loop correction in the AdS^ x 
case and no corrections in the AdS^ x and the AdSt^ x cases. 



Using integrability as our guiding principle the counterterm (4.91 is required in the reduced AdS^ x 
theory. Below we shall show that it may originate from a particular functional determinant similarl y to 



the bosonic case discussed above. The corresponding operator acts on the superalgebra f) (see section 5.11 
whose bosonic subalgebra is f). If this determinant were to arise in a similar fashion to the bosonic case, 
there should be analogues of the unphysical degrees of freedom ^ taking values in the fermionic subspaces 
of f). Comparing to the supersymmetric gauged WZW theory written in components or in superficld forms 



this suggests that there may be an alternative formulation of the action (1.1 1 that treats fermions 



and bosons on a more equal footing and thus requires extra fermionic components of the gauge field. 

To define the first-order differential operator whose determinant produces the required contribution let 
us first recall some group theory of the Pohlmeyer reduction of the AdSn x 5" (n = 2, 3, 5) superstring 
theories (see 3j| and section 5.1 for explicit bases and parametrisations see also [501 El HI] ) ■ Here the 
constant matrix T that defines the potential of the reduced theory is normalised as = — |/. We take an 
orthonormal basis for the bosonic generators of the superalgebra f. Further we take a basis for the fermionic 
generators of and f^, i.e. T/* and , respectively, such that 



STr(7^« ) = , 
STr(T^^^Tf^) = 0, 



STr(i;^ ) = -4 
STr(7^^"7;^")=0, 



(C.ll) 



where the supertrace is defined as in p?.p^|lt will be useful to denote a basis for the superalgebra t) (a 
fermionic extension of t) defined in section 5.1) as T/. This includes an orthonormal basis for (] along with 



the bases for fj^ and described above. We also define the metric 

fiij^STY{TiTj), fiufi'"" , f,"fijK = S'j, (C.12) 
so that = fj^'-'Tj , Tj = fjijT'^ . This metric is not as simple as in bosonic case due to the more involved 



supertraces over the fermionic generators (C.ll). For the parallel fermionic subspaces f" and fg we take 
similar bases as for the perpendicular fermionic subspaces (C.ll), \^. We also have the following useful 
identities 



2TT„ 



(C.13) 



The physical excitations ( |2.2[ ) live in the subspaces, X e fp, 'fj, e f[ and 'fj, e fi]. In the reduced AdSn x S"" 
theories each of these subspaces can be split into two halves, both transforming in the same representation 
of a subgroup of H (see [T] for more details). We take the parametrisation of the physical fields 



Y Y 

^ — ^ m-'-m 



7 T'^ 



/- at i?" 



(C.14) 



^*No counterterm is needed in the reduced AdS2 x 5^ theory case to match the exact S-matrix of |43l 1441 BSl I4til . 

^^The same indices i,j are used here for both fermionic subspaces as well as the bosonic algebra t) = fjj- of the previous 
subsection. This is just a notational convenience and is not meant to indicate that there are the same number of generators in 
each of these spaces. 
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As is suggested by the notation the fields parametrise the part of the reduced theory corresponding to 
the bosonic AdSn space and similarly the fields Zm, the bosonic 5" space. 
The functional determinant we propose to consider is {v e [)) 

{detd+)-\ d+v = d+v + B+v, B+v = [[X, d+X]-[-^^,2T-^J, v] . (C.15) 

Compared to the operator arising in the bosonic case there is not a part symmetric in X and fermions 
are included {0+ acts on a superalgebra) . The action of B+ on the basis Tj for () is defined as 

B+Ti = B+/T,. (C.16) 



The linearised equations of motion for X and ip are (see (2.2|) 

d+d-x + ^^x = o, 2ra+*^ = 0, 2Ta_«'„ + = o. (c.i?) 

As in the bosonic example we can make use of these equations of motion to replace 

{^B+)v ^-[[X, d^X] - [2^,T, v] EE -B^v . (C.18) 
The one-loop correction to the Lagrangian coming from this determinant can then be written asp^ 

AL = ^ J2i-l f^B^/B_ / + OiB') . (C.19) 

For the reduced AdS2 x S*^ and AdS^ x theories this correction term vanishes as required. In the case of 



the AdS^ X theory it gives, remarkably, the non-trivial counterterm (4.9) we postulated above to satisfy 
the YBE.ED 

We should emphasize again that the existence of a single universal expression for the one-loop counterterm 
is rather non-trivial. Its path integral origin remains, however, to be understood. 

Appendix D Factorized S-matrix of reduced AdS^ x theory 



In this appendix we present the explicit form of the factorised S-matrix (4.191, (4.201 and rewrite it in terms 



of fields transforming as a vector of the same SO{2) group to enable comparison with the S-matrix of section 



2.2.2 This single 5*0(2) is obtained by identifying the two S'0(2)s with indices a and a and also the two 
S'0(2)s with indices d and a. Naively this gives an [5*0(2)]^ symmetry but the actions of these S'0(2)s 
coincide, leaving the single 50(2). After identifying the pairs of 50(2)s the following rules can be used to 
translate to the single SO{2) notation 

I (g) I -> 6mp6nq , I (g) K ^ empEnq , 

K (g) I ^ e„pe„, , K(^K^ SmpSnq, (D.l) 

(I)afccrf = SacSbd , 0^)abcd = ^ac^bd , 

where the first entry in the tensor product corresponds to undotted indices and the second entry to dotted 
indices. 

The S-matrix has the following structure: 

Boson-Boson 

+ ( - 2Lg(<5mn<5pg + ^mntpq)) \Zp{pi) Zq{p2)) 



^^Here we used that fj^^fjKL = (~l)'^'<5/f • it equals to 1 if / = if is a bosonic index and to —1 if / = if is a fermionic index. 



rj was defined in jOl^ 

Recall that the physical fields should be rescaled by 
^®One possibility to include fermions ^/ j^,^ in the determinant is by a rotation of them by the bosonic field g. Similar 
rotations were used in the construction of the reduced theory [3l[5]. However, just considering such rotations of fermions in the 
Lagrangian will not produce | |C.15[ |: it would be necessary in addition to have extra unphysical degrees of freedom living 

in the fermionic part of f). 
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S\Zmipi)Znip2)) 
S\Ymipi)Znip2)} 
S|Z^(pi)y„(p2)> 

Boson- Fermion 

S\Ym{pi)<:n{p2)) 
S|Cm(pi)Yn(p2)) 
S|y^(pi)Xn(p2)> 
S\Xm{pi)Yn{p2)) 
S|^m(pi)Cn(P2)> 
S|Cm(pi)2n(p2)) 
S\Zm{pi)Xn{P2)) 
^\Xm{pi)Z„{p2)) 

Fermion- Fermion 

S|Cm(pi)Cn(p2)> 
S|Xm(pi)Xn(P2)> 
S|Cm(Pl)Xn(P2)> 



+ ((Ll + L2)LQ(SmnSpq + emnCpg)) I Cp (Pl )Cq (P2 )> 
+ ((Li + L2)Lg{SmnSpq + emnepq)) \Xp{Pl)Xq{P2)) 

'-{(^3 + L^)Smp5nq + i3-'^4<:mpe„5) \Zp(pi) Z q{p2)) 
+ ( - (is + -L4)-Llo(<5mn<5pg + ^mn^pq)) I Xp (Pl )Xq (P2 )> 
+ ( - 2Lfo(<5mri<5p9 + emnepg)) I'^p (Pl (P2)> 
+ ( — (^3 + i4)ilo(l5mn5p(j + emnipq)) \Cp{Pl)Cq{P2)) 

"((-^5 ^fi)'^77-ip'^nq 
+ (2Lii(<5mi35pn + tmq<ipn) \Zp{Pl)Yq{p2)) 

+ ( — (Ls — Le)Lll{ — SmnSpq + <5mp5nq + SmqSnp)) I Cp (Pl )XiJ (P2)} 
+ SmpSnq + ^mq^np)) |Xp{Pl)C9(P2)) 
= ((^7 + Ll)SmpSnq+'^LrLsemp€nq) |^p(Pl)^9(P2)> 

+ {2Ly2(Smq5pn + ernqSpn) | l^p (pi )Zq (p2 )> 

+ ((^7 - Ls)Li2(-6mn6pq + &m.pinq + &m.qSnp)) |Xp(Pl)C9(P2)> 
+ ( — {Lj — Ls)Li2i—SmnSpq + SmpSnq + SmqSnp)) |Cp(Pl)Xq(P2)) 

((L1L5 + L2Le)5nip5nq + (LiLq + L2L5)emp<inq)) I (Pl )Cg (P2)> 

+ ((Ll - L2)Lll(S,nqSpn + ernqSpn) |Cp (Pl )^<7 {P2 )> 

+ {(Ls + LQ)Lg{-SmqSnp + SmpSnq + SmnSpq)) \XpiPl)ZqiP2)) 

((L1L7 + L2Ls)SmpSnq + {LlLg + L2L7)empenq)) ICp{Pl)^9(P2)> 
+ ((Ll - L2)Lr2.{SmqSpn + f-mq<ipn)) l^p (Pl )C5 (P2)> 

+ ( - {L7 + Ls)Lg{-SrnqSnp + SmpSnq + SmnSpq)) | -^p (Pl )X9 (P2 )) 

((L1L5 + L2Le)SmpSnq + (LiLq + L2L5)tmptnq)) I ^p (Pl )Xq (P2 )> 

+ ((Ll - L2)Lll{SmqSpn + emq^pn)) IXp(Pl)'^q(P2)> 

+ ( — {L5 + Le)L<j{— SmqSnp + SmpSnq + SmnSpq)) |Cp (Pl ) -^g (P2 )) 

((L1L7 + L2Ls)SmpSnq + (LlLg + L2 L7)empenq)) I Xp (Pl (P2)) 
+ ((Ll - L2)Ll2iSmqSpn + ^mqf^pn)) l^p (Pl )X9 (P2)> 
+ ((L7 + L8)L9(-<5 + SmpSnq + SmnSpq)) |-^p(pi)Cq(P2)> 

:((L3L7 + L4,Ls)SmpSnq + {L3L3 + L4L7)empenq)) I -^p (Pl )Cq (P2)) 
+ ( - (L3 - L4,)Ll2{SmqSpn + emqCpn)) ICp (Pl ) -^cj (P2 )) 
+ ((L7 + L8)Lio(-5 + SmpSnq + SmnSpq)) |Xp (Pl (P2 )) 

((L3L5 + L4,Le)SmpSnq + (L3L6 + LAL^jemp^nq)) I Cp (Pl ) -^q (P2 ) > 

+ ( - - L4)Lii{SmqSpn + ^mq^pn)) l^p(Pl)C9(P2)> 

+ ( - (L5 + L6)Li()(-<5m95„p + SmpSnq + SmnSpq)) | I'p (Pl )Xq (P2 )> 

({L3L7 + LiLs)SmpSnq + (LsLg + L4,Lf)limp<inq)) I -^p (Pl )X9 (P2 )) 

+ ( - (^3 - Li)Li2{SmqSpn + ^rnqf^pn)) IXp(Pl)^ij(P2)> 

+ ( — (L7 + Ls)Lu)( — SmqSnp + SmpSnq + SmnSpq)) |Cp (Pl (P2 )) 

((L3L5 + L4L(i)SmpSnq + (L3L6 + L4L5 )empenq)) I Xp (Pl (P2 )) 

+ ( - (-^^3 - L4)Lil(<5m,g(5p„ + tmqf^pn)) \Zp(pi)Xq(P2)) 

+ ((L5 + L6)Lio(-<5 + SmpSnq + SmnSpq)) |^(Pl)Cq(P2)> 

((L1L3 + L2L4)SmpSnq + (L1L4 + L2L3)empenq) \Cp{Pl)Cq{P2)) 

+ (2L9Llo((5mn'5pq + ^mnipq)) |Xp(Pl)Xq(P2)> 

+ ((Ll + L2)Lio((5mn<5pq + ^mn^pq)) \Yp{pi)Yq{p2)) 

+ { — (L3 + L4)L9(l5mnl5pq + emn^pq)) |-^p(Pl)-^9(P2)) 

((L1L3 + L2L4)<5mp<5„g + (L1L4 + L2L3)empenq) |Xp(Pl)X(j(P2)> 

+ (2L9Llo(<5mn<5pq + emn>ipq)) I Cp (Pl )Cq (P2 )> 

+ ( - (-^^3 + L4,)L<j{SmnSpq + emntpq)) \ Zp(pi) Zq{p2)) 

+ ((Ll + L2)Llo((5r„„(5pq +€mnepq)) \Yp{pi)Yq{p2)) 

{{L^L-j + LeLs)SmpSnq + (LsLg + L6L7)empenq) |Cp(Pl)X9(P2)> 

+ ( — LiiLi2(6mq5pn + f^mqipn) \Xp{Pl)Cq(j>2)) 
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+ ( — (Ls — Le)Ll2{ — SmnSpq + SmpSnq + SmqSnp)) \Yp{pi) Zq{p2)) 

Snq + SmqSnp)) \Zp{pi)Yq{p2)) 
S|Xm(pi)Cn(P2)> ={{L5Lr + LeLs)S^p5nq + {LsLs + L(jL'r)empenq) |Xp(Pl)C<j(P2)> 
+ ( — LllLl2{SmqSpn + emq^pn) I Cp (Pl )X<3 (P2 )) 

+ {{L7 — Ls)Lil{ — 5mn^pq + SmpSnq + Smq^np)) \Zp{pi)Yq{p2)) 
+ ((-f^5 — Le)Li2{~SmnSpq + SmpSnq + SmqSnp)) l^p (Pl (P2 )) 



Appendix E Factorized S-matrix of reduced AdS^ x theory 



Similarly to the previous appendix, here we present the factorised S-matrix (6.3 1, mAn in terms of states 



transforming as a vector of the same 5*0(4) group to enable comparison with the one- loop S-matrix of section 
[2T31 



Following the discussion of symmetries in section 6.1 the [SU{2)]'^ is related to the single 50(4) of sections 
[6] and 2.2.3 by identifying the two SU(2)s with indices a and a and the two SU{2)s with indices a and a. 
The resuhing [5C/(2)]2 is (locally) the same as 50(4). 

After identifying the pairs of SU{2)s the following rules can be used to translate to the 50(4) notation 



(E.l) 



where the first entry in the tensor product corresponds to undotted indices and the second to dotted ones. 
The S-matrix has the following structure: 

Boson-Boson 

S|5^m(pi)yn(p2)> ={{K^(Kl + K2))&,^pS,^q " K^K2&mn&pq + i^2 (^^1 + 7^2 )<5m5<5„p) l^p (pi (P2 )> 
+ ( - K^SmnSpq) \Zp{pi) Zq{p2)) 

+ ( — 2 (-^1 K2)K^{Srnn&pq + SmpSnq — &mq&np + ^mnpq) + K2Kr:,&rnn&pq) I Cp (Pl )C<3 {P2 )} 

) + K2K55mnSpq) |Xp (Pl )Xq (P2 )> 
S |Zm{pi)Z„(p2)> ={{K3(K3 + K4))5mpS„q - KaKiSmnSpq + Ki{K3 + K4)SmqS„p) \Zp(pi)Zq{p2)) 

+ {- KiS,^„5pq)\Yp{pi)Yq{p2)) 

+ (2 ("'^^ ~^ K4,)K(i{SmnSpq + Smp^nq - ^mq^np + <^mnpq) ~ K^KijSmn&pq) |Xp (Pl )Xg (P2 )) 

+ (2 ("'^^ K4,)K(i(SrnnSpq + ^mp^nq - ^mq^np - tmnpq) - K/^K^Srrm&pq) ICp (Pl (P2 )) 
S.\Ym(pi)Z„{p2)) ={Ki SmpSnq) \Yp{pi) Zq{p2)) 

+ {K^SmqSnp) \Zp(pi)Yq(p2)) 

+ ( — -K7Kg{ — SmnSpq + SmpSnq + SmqSnp — ^mnpq)) I Cp (Pl )X9 {P2 )) 

+ {-K^Kcii — SmnSpq + SmpSnq + SmqSnp + ^mnpq)) I Xp (Pl {P2 )) 

S\Zmipi)Ynip2)) ={K'foSmpSnq) | (pi )y, (p2 )> 

+ {KiSmqSnp) | Yp (pi (p2 )> 

+ {-KsKlo{ — SmnSpq + SmpSnq + SmqSnp — ^mnpq)) IXp (Pl )C9 (P2 )) 
+ ( — -KsKlo{ — SmnSpq + SmpSnq + SmqSnp + ^mnpq}) ICp (Pl )X9 (P2 )) 



Boson- Fermion 



S|^m(pi)Cn(P2)> =((i^l + -K2)KgSmpSnq + -K2Kg{~S 

) + K2K7SmqSnp) \C,p{pi)Yq(p2)) 



+ { — -K^KtI — SmpSnq + SmnSpq + SmqSnp + l^mnpq)) I -^p (Pl )XiJ (P2 )) 
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+ ( — -KsKt){ — 5mqSnp + &mn&pq + &mp&nq — ^mnpq)) I Xp (Pl ) -^q (P2 )) 
S|Cm(pi)nx(p2)> ={{Kl + -K2)KioSrr.p5„q + -KiKwi'S 

mn^pq ^" ^mq^np ^" ^mnpq)) | Cp (Pl ) (P2 )) 
+ (--?^1-K^8(<5m(j5np — SmnSpq + SmpSnq — ^mnpq) + K2Ks&mq&np) Y^piP'OC.qiP'i}) 
+ {-^KzKs{—5mp5„q + SmnSpq + SmqSnp + imnpq)) I Xp (Pl ) -^9 (P2 ) ) 
+ {-KsKlo{—SmqSnp + SmnSpq + SmpSnq — imnpq)) |-^p(Pl)Xg(P2)) 

S \Ym{pi)Xn{p2)) ={{Kl + -K2)KgSmpSnq + -K2Kg{-S Snp - €mnpq)) |>'p(pi)Xq(P2)> 

+ {-KlKY{SmqSnp — SmnSpq + SmpSnq + ^mnpq) + K2KYSmqSnp) |Xp (Pl)^ (P2 )) 
+ {-Kr,K7{ — SmpSnq + SmnSpq + SmqSnp — ^mnpq)) | ^p (Pl )Cq (P2 )} 
+ {-K5Kt){ — SmqSnp + SmnSpq + SmpSnq + ^mnpq)) I Cp (Pl ) -^9 (P2 )) 

^\Xm{pi)Yn{p2)) ={{Kl + -K2)KloSmpSnq + -K2Klo{ — Snp - emnpq)) IXp(Pl)^<;(P2)> 

+ {-KlKs{SmqSnp — SmnSpq + SmpSnq + ^mnpq) + K2KsSmqSnp) l^p(Pl)Xg(P2)) 
+ ( — -^KzKs{— SmpSnq + SmnSpq + SmqSnp — imnpq)) ICp(Pl)-^q(P2)) 
+ ( — -KsKloi— SmqSnp + SmnSpq + SmpSnq + ^mnpq)) |-^p(Pl)Cq(P2)> 

S \Zm(pi)Cnip2)) =((^3 + -K4)KloSmpSnq + ■^KiK\o{ — SmnSpq + SmqSnp — ^mnpq)) I -^p (Pl )CiJ {P2 )) 

+ ( — -^K-iKaiSmqSnp — SmnSpq + SmpSnq + ^mnpq) — K4KsSmqSnp) I Cp (Pl (P2 )} 

+ {-K^Ks{ — SmpSnq + SmnSpq + SmqSnp — ^mnpq) I ^ (Pl )Xi3 (P2 )) 

+ ( — -^KqKio{— SmqSnp + SmnSpq + SmpSnq + ^mnpq)) IXp(Pl)^q(P2)) 

S |Cm(pi)2n{p2)> ={{.Kz + -K4)KgSmpSnq + -KiKg{-S mn^pq "f" ^mq Snp - ^mnpq)) |Cp(Pl)-^q(P2)> 

+ ( — -^KsK-jiSmqSnp — SmnSpq + SmpSnq + ^mnpq) — K^KySmqSnp) |-^p(Pl)C(j{P2)) 
+ ( — -KeK-!{ — SmpSnq + SmnSpq + SmqSnp — imnpq) IXp (Pl )^q (P2)> 
+ {-K(iKi){ — SmqSnp + SmnSpq + SmpSnq + Cmnpq)) I ^ (Pl )X9 (P2 )} 
S\Zm{Pl)Xn{p2)) ={{K3 + -K4)Ku)SmpSnq + -K4Kio{-SmnSpq + SmqSnp + ^mnpq)) I -^p (Pl )X9 (P2 )> 

+ { - -K3Ka{SmqSnp — SmnSpq + SmpSnq — ^mnpq) — K4KsSmqSnp) IXp(Pl)-Z(j(P2)> 
+ ( — -^KqK^{— SmpSnq + SmnSpq + SmqSpn + imnpq) l^{Pl)C(?(P2)) 
+ {-KeKio{— SmqSnp + SmnSpq + SmpSnq — imnpq)) ICp{Pl)^g{P2)) 
S |Xm(pi)2n(P2)> ={{K3 + ^K4)K9SmpSnq + ^K4Kg{-SmnSpq + SmqSnp + imnpq)) |Xp(Pl)^g(P2)) 

+ ( — -KaKriSmqSnp — SmnSpq + SmpSnq — ^mnpq) — K4K-!SmqSnp) \Zp{Pl)Xqij>2)) 

+ {-^KqK-j{ — SmpSnq + SmnSpq + SmqSnp + ^mnpq) I Cp (Pl (P2 )} 

+ ( — -^KQKq{ — SmqSnp + SmnSpq + SmpSnq — tmnpq)) I (Pl )C9 (P2 )) 



Fermion-Fermion 



! ICm(pi)Cn(P2)> =( - \{KiK4 - K2K,i)emnpq + {K1K3 + ^(KiK4 + KiK^^mpSnq 

- ^(KiK4 + K2K3)SmnSpq + (K2K4 + ^{K^Ki + K2Kz))SmqSnp) |Cp(Pl)Cq(P2)> 

+ {Kr,K(iSmnSpq) I Xp (Pl )Xg (P2 )> 

+ ( - - (Xi + K2)K(i{SmnSpq ~\~ ^mp Snq — SmqSnp + ^mnpq) + K2K%SmnSpq) 1 5^ (pi (P2 )) 
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+ (2 ("'^^ ^ K4)Ks{SmnSpq + SmpSnq ~ SmqSnp — <^m,npq) ~ KAKrjSmn&pq) \Zp{p\) Z q{p2)) 

§IXm(pi)Xn(p2)> ={^{KlKi - K2K3)emnpq + (K1K3 + '^{K^Ka + K2K3))5mp5nq 

- ^(KiKa + K2K3)SmnSpq + (K2K4 + ^{KlKi + K2K3))SmqS„p) \XpiPl)XqiP2)) 
+ (KsKaSmnSpq) I Cp (Pl )Cq (P2 )> 

+ (2 (-^^3 + K4)K5{5mnSpq + SmpSnq — Smq^np + <^mnpq) — K 4,K^jSrnn&pq) \Zp{pi) Z q{p2)) 

+ ( - g^-^l ^ K2)K(j{SmnSpq + SmpSnq - S-mqSnp - <^mnpq) + K2Kfi5mnSpq) 1 (Pl (p2 )) 

S|Cm(Pl)Xn(p2)> ={Ki:,K-iO&mp&nq) I Cp (Pl )X9 (P2 )> 

+ ( - KTKsSmq&np) I Xp (Pl )C<7 {P2 )> 

+ ( — -^KsK'.3{ — Srnn5pq + &mp&nq + 5mq&np — ^mnpq)) \Yp{pi) Zq{p2)) 

+ ( — -K7Klo( — SmnSpq + SmpSnq + SmqSnp + ^mnpq)) \Zp{pi)Yq(p2)) 

S|Xm(pi)Cn{P2)> ={KgKloSmpSnq) I Xp (Pl )(? (P2 )> 

+ ( - KrKsSmqSnp) I Cp (Pl )X<7 {P2 )> 

+ {-K^Kio^ — SmnSpq + SmpSnq + SmqSnp — ^mnpq)) \Zp{pi)Yq{p2)) 
+ {-KsKQ{ — SmnSpq + SmpSnq + SmqSnp + ^mnpq)) I ^p (Pl )2c3 (P2 )) 



Appendix F Trigonometric relativistic limit of quantum- deformed 
psu(2|2) K R-matrix 

In |36) the fundamental R-matrix of the quantum deformation of the centrally extended superalgebra 
psu(2|2) K was constructed. This R-matrix depends on various parameters: the global algebra parameters, 
a, (7; the quantum group deformation parameter q; and the spectral parameters xf ^ x~ , 7^ (i = 1, 2), where 
xf and x~ are related by a constraint equation. There is a natural choice for the parameters 7^ (which 
effectively control the normalisation of the fermions) that is given in 36 . We take ji to be given by this 
choice, rescaled by a factor of \J —g^ . 

In this section we generalise the limit of '37| that leads to a trigonometric, relativistic, q-deformed, classical 
r-matrix giving the exact trigonometric, relativistic, q-deformed R-matrix. The classical limit investigated 
in |37j corresponds to expanding the quantum deformation parameter, 

g = l + (F.l) 

is playing the role of fi., i.e. it is small but finite. The relativistic trigonometric limit that is relevant for 
the reduced AdS^ x theory is — !• 00 (discussed in section 6.5 of [37]). 
To generalise it we set 

/i(x|, (F.2) 

and take fc^^ to be the parameter playing the role of h. Assuming q (or equivalently fc) is finite, the strict 
h ^ 00 limit corresponds to the strict 5 — )■ 00 limit in the new variables {g, k). 

All dependence on a in the R-matrix then drops out (we just set a equal to one). The spectral parameters 
xf,x~ are reinterpreted in terms of rapidities, and the quantum deformation parameter q, is parametrised 
in terms of the coupling k as 

00 

71=1 

This limit is essentially the same as the one described in section 6.5 of [37], rewritten in a way that allows 
us to consider it to higher orders than just leading (tree-level) one. The fixing of the remaining parameters 
is done to match the resulting R-matrix with our one-loop perturbation theory result for the pcrturbative 
S-matrix as closely as possible. 
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In the strict g ^ oo limit the constraint equation relating xf reduces to 

ixtr = q'ixir. (F.4) 

To solve it we set 

xf = e-^^ . (F.5) 

As suggested by this ansatz, the variables 1?^ are identified with the rapidities. The matching to the one-loop 
S-matrix as closely as possible suggests the following expansion of q to one-loop order 

. = l-f (F.6) 

This prompts us to make a conjecture that the exact form of q should be 

g = exp ( - ^) . (F.7) 

For convenience we give some of the quantities that appear in the R-matrix of |36| in this limit and parametri- 
sation, 

7, = ^ ^ e-'^-K , q^' ^U,^l. (F.8) 



cos 



2 k 



The R-matrix is then parametrised by ten functions J^J 



7^|0l<^l) 


HJ1 + J2) 










7^|0l<^2) 


7T 

= Jl sec - \(l)i(f>2} ^ 


- (J2 - iJi tan ^) |020i) 


TT 

- J5 sec - |V'3V'4) 


+ M1 


7r 

+ itan -) \^J4ip3) 




TT 

= Jl sec - |02'/>l) ^ 


- (J2 + i Ji tan -) \(l)i(j>2) 


- J5 sec - |?/'4V'3) 


+ ^5(1 


TT 

- itan -) |V'3V'4) 




= (Jl + J2) |?!'202> 












= (^3 + ^4) |V'3V'3) 










n |V'3V'4) 


TT 

=J3sec - IV'3'04) - 


TT 

1- ( J4 - iJs tan -) |V'4^/'3) 


TT 

- Jesec- \(f>i(l)2} 


+ J6(l 


-1- itan -) |02'?'i) 


7^ |V'4V'3) 


TT 

=J3sec - |l/'4l/'3> - 


TT 

1- ( J4 + i J3 tan -) i/'3V'4) 


TT 

- Jesec - \(l)2(pi) 


+ J6(l 


TT 

- itan -) (/)i(/)2) 


Tl \lpi'lpA) 


= { J3 + J4) |V'4V'4> 










'R-\(l)a1pl3) 












TZ \lpa4'b) 


=J8 Sis-, \(^,lPs) + 


JiQ SZS^ \ijj(l)d) 









(F.9) 



As in sections 16.1.11 and 16.21 our index notation in as follows 

a = (1, 2) , a = (3, 4) , A — {a, a) , with the fermionic grading [a] = , [a] = 1 . (F.IO) 



In the trigonometric relativistic limit the functions Ji are given in (6.15). The phase factor Rq of is 
related to Pq by 

Roi9, k) = Pq{6, k) cosech ^ sinh + ^) ■ (F.ll) 
The requirement of unitarity of the R-matrix is [36j 

7^l27^2l = I ® I . (F.12) 



In terms of the rapidities the interchange of 1 and 2 sends 9 = di ~ "02 ^ —9. The R-matrix satisfies (F.12 1 
so long as the phase factor satisfies 

Ro{9,k)RQ{-9,k) = 1. (F.13) 



^^The ten functions J/ are related to the ten functions A, B , . . . , K of 36 as follows 

^ £?j4-|-5 _D E D -\- E C F 

(Ji, J2, J3, J4, Js, Je, Jt, Js, J9, Jio) = ( — - — , — - — > — > — , - — , —,H,K,G,L) . 

We have also renamed i/'i.2 — > i/'3,4. 
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This imphcs the following constraint on the phase Pq in (F.ll ) 

sinh^ 

Po{0,k)Po{-e,k) 



sinh^ I + sin^ ^ 



(F.14) 



The quantum-deformed R-matrix also has a crossing symmetry subject to a constraint on the phase factor. 
This crossing symmetry is given by |36j 

(C-l®I)7^f^^^(I®C)7^l2 (F.15) 

ST is supertransposition and the action of charge conjugation C on one-particle states is 

C|0i) =-g5 102) , C |V3> = IV'4) , C|02> |<^l) , C|V^4)=g-^|^3) . (F.16) 

In the (7 — >■ (X) limit the crossed spectral parameters are given by 

xf = -xf , 7, = -Z7, , q^^ = C7. = 1 . (F.17) 

The crossing symmetry relates the R-matrices TZi2 and 7?.j2- Considering the "Lorentz invariant" combi- 
nations of the spectral parameters, e.g., Xi/x2, and comparing to Xi/x2, we see that these are related by 
= di ~ ^2 ^ 6 + in . The R-matrix satisfies the crossing relation (F.15 1 if the phase factor satisfies 



Ro{e,k) Ro{d + iTr,k) 



cosh 



sinh 



9^ rn_ 

2 2k 



tanh ■ 



(F.18) 



Combining with the unitarity relation, (F.14) then implies the following constraint on the phase Pq (F.ll I 



Po{iTT-d,k) = Po{d,k) 



The crossing symmetry also implies the relations (6.25) between the functions Ji. 
The conjugation relations ( |6.26[ ) hold as long as the phase factor satisfies 

Ro{0,k)^R*{-e,k) ^ Poie,k)^P*{-9,k). 

These relations are equivalent to the matrix unitarity relations of [36], 



(F.19) 



(F.20) 



(7^l2)^7^l2 



(F.21) 



Appendix G One- loop S-matrix of SO{N + 1)/S0{N) generalized 
sine-Gordon models 



Here we shall discuss the one-loop S-matrix of the bosonic G/H = SO{N + l)/SO{N) gauged WZW 
model deformed by an integrable potential as in (1.1 1. This one- loop S-matrix, including the determinant 



corrections from integrating out the unphysical fields, was computed in [2|. Here we shall make some 
additional comments and clarify the structure of the result. 

In the = 4 case the determinant corrections result in the S-matrix factorising under so (4) = su(2)0su(2) 
at one- loop [5]. Below we will see that, like in the reduced AdS^ x theory, one can find a quantum-deformed 
S-matrix similar to the one-loop factorised S-matrix that satisfies the Yang-Baxter equation. 

The Lagrangian found by fixing the = gauge and eliminating A_ and ^ is given by taking (2.3) with 
y = C — X — and m, n,p, q now being SO{N) vector indices 



1 



ix,„x„,a+x„9_x„ - \x„,d+x,M-X^ 



-^771 -^in -^n -^n 



0{k- 



(G.l) 
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The one-loop S-matrix for this theory [2 is given by the usual Feynman diagram contribution plus the 
contribution of the determinant obtained upon integrating out and 



S\Xm{pi)Xn{p2)) = [Si{e,k)SmnSpg + S2{e,k)S^pSr,, + S3ie,k)6m<iSnpj |Xp (pi (p2 )) , (G.2) 

S,^S, + AS, , (G.3) 



— — ITT ITT 

33(0, k) =Si(iTr -e,k) ^ — coth^ + -— - ( cosech 6* - coth( 

k 2k^ 



2 

^ coth 6 cosech + ^(N -2)0 coth^ + Olk'^) (G.4) 



S2{0, fc) =1 + ^ cosech 61 -'^{]-+ cosech ^e*) + -^(A^ - 2) cosech + Oik'^) 
k K-^ 2 2A;^ 



? 7r ? TT 

AS3(0,k) = ASi(iTT-0,k) = - -—(cosech 61 - coth 61) - (iV- 2)— cothf 

? TT 

AS2(0,k) ^- (N -2)— cosech 6I 



(G.5) 



The correction ASk coming from the determinant (or the corresponding one-loop counterterm which it 
produces) splits into two parts. The part not proportional to (N — 2) is required to maintain some of the 
consequences of integrability: in the abelian H case, N = 2, the corresponding counterterm contribution 
restores the satisfaction of the Yang-Baxter equation at one-loop and agreement with the exact S-matrix 
of [2S]. Also, in the = 4 case the counterterm restores the group factorisation of the S-matrix under 
so(4) = su(2) 0su(2). However, as in the reduced AdS^ x theory, in the non-abelian case, N > 2 the 
addition of the counterterms does not restore the validity of YBE. 

The part with coefficient — 2 is proportional to the tree-level S-matrix and may be interpreted as being 
due to a shift in the coupling k by the dual Coxeter number oi H — SO{N), ch = N — 2. This is a recurring 
feature of these theories. In general, there are two shifts - k ^ k + ^ and k ^ k + ch that play a role, 
hence we define the following shifted couplings. 



k^k^"^, k^k + CH. (G.6) 



It is useful to extract the phase factor 

Pb{0, fc) = 1 + ^ cosech 6* - i( cosech e')2 + 0( j-) . (G.7) 
k 2fc2 k^ 

This phase factor satisfies the unitarity and crossing symmetry relations, 

PB{0,k) PB{-0,k) = l + O{}-), PB{0,k) = PB{i7r-0,k). (G.8) 

k-^ 

Then the total S-matrix coefficients are given by 

1 . 



Si = PbS, , 52(6*, k)^l-^ coth^ + , , 

fc2 k'^ 

83(0, k) = Si{i7T-0,k) ^^-^ coth0 + ^{N - 2)0 coth^ + 0{^) . 

k 2k^ k^ 



(G.9) 



Note that while in the phase factor k enters as fc, in the Si it enters as k. 
G.l = 1: sine-Gordon model 

In the = 1 case the index m only takes a single value and there is only a single amplitudep] 

S{0, k) - Pb{0, l){Si{0, 1) + S2{0, 1) + S3{0, 1)) 

ITT / 1 \ TT^ , (G.IO) 

= IH IH cosech 61 ^ cosech ^61 + ©(fc^^) . 

k \ 2k J 2k^ 



^''This determinant contribution is present only for N > 2 (for TV = 1 or the sine-Gordon model the group H is trivial). 
Taking N = I and summing the three determinant contributions gives ASi{6,k) + AS2{S,k) + AS:j{8,k) = 0. This is 
expected as for A' = 1 the group H is trivial and thus there is no functional determinant contribution. 
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This agrees with the expansion of the exact S-matrix for the perturbative excitations of the sine-Gordon 
model 



sinhfl + zsin A(fc) 



k 2 



(G.ll) 



sinhfl — isin A(fc) ' 

wherep^ for iV = 1, Si{9, k) + 52(6*, k) + S-i{9, k) — 1 , and thus all the information is contained in the phase 
factor PB{0,k) 



G.2 = 2: complex sine-Gordon model 

In the N — 2 case H is abelian. Its dual Coxeter number vanishes and the coupling k is unshifted, k — k = k. 
Usually for the complex sine-Gordon model one would take the coset G/H = SU{2)/U{1) rather than 
G/H = SO{3)/ SO{2). For the perturbative S-matrix the only difference amounts to a rescaling k by 2. This 
is a consequence of the dual Coxeter number of SU{2) being twice that of 5*0(3). 

The determinant contribution is non-trivial and as H is abelian we expect the corrections to restore the 
satisfaction of YBE. This can be seen easily by noting that for = 2 the reflection coefficient in the corrected 
S-matrix vanishes, 

R{e, k) = Si{9, k) + Said, fc) = + ©(/c^^) . (G.12) 

If the reflection coefficient vanishes and we have a crossing symmetry then there is only one independent 
amplitude. The S-matrix can then be encoded in a single function 

PBi9, fc)(52(0, k) + 83(9, fc)) - 1 + ^ coth ^ - ^ coth^ I + 0{k~^) . (G.13) 
This then agrees with the exact result derived based on assumption of exact integrability [28] .q] 



G.3 = 4: group factorization 

For H — 50(4) the field X„i transforms in a vector representation of H . As we have the isomorphism 00(4) = 
su(2) ®su(2), with the vector representation of 50(4) equivalent to the bifundamental of SU{2) x SU{2) we 
can rewrite the S-matrix using the SU{2) indices 

S^J^{9,k) ^ S2:fp{9,k). (G.14) 

Due to the integrability of the theory this S-matrix should factorise into the tensor product of two SU{2) 
S-matrices, 

S'':^%{9,k) = Sli{9,k)Sll{9.k). (G.15) 



This is indeed the case for the S-matrix (G.9) with iV = 4 



s:i{9, k) = h{9, k)s:st + h{9, k)5x , 

si{9, fc) =1 - ^ cothe + ^(5*7r - 49) coth^ 9 + 0{l-^) (g^^g) 

52(6', fc) =^ coth 6*- ^{iTi-29)coih^9 + 0{^) 
k 2k^ k^ 

These functions satisfy the crossing symmetry relations Si(i7r — 9) ~ si{9,k) + S2{9,k), S2{iTT — 9) = 



-82(9, k) . The S-matrix (G.16) does not satisfy the Yang-Baxter equation [2]. Motivated by the discussion 
of the reduced AdS^ x 5^ theory in section[6j we may consider a quantum-deformed SU{2) S-matrix taking 
the following form (with the quantum deformation parameter q — exp ( ~ ^)) 

S |0i0i) = (ri + r2) |0i0i) 



TT TT 

S 10102) = ri sec - 10102) + {r2 - iri tan -] 
k k 

TT TT 

S |020i) = ri sec - |020i) + {r2 + iri tan 
k k 

S 10202) = {ri + 7-2) 10202) ■ 



(G.17) 

H02) 



^■^In footnote |46| the shift in k for bosonic the sine-Gordon model was given as A; — > fc — 1. Here k has been rescaled by 2 as 
we are considering a truncation of the G/ H = SO{N + 1)/ SO{N) theory. As G is abelian in this case there is no quantization 
of fc and thus this rescaling is arbitrary. 

^^k has been rescaled by a factor of 2 relative to the one in 1281 . see above. 
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The quantum-deformed crossing symmetry relations are 

ri(i7r -9)^ cos Z [ri{e, k) + r2{e, k)] , r2(i7r - 6*) ^ - cos ^ [r2{e, k) ~ tan^ ? ri{e, k)] . (G.18) 

k k k 



In analogy with the reduced AdS^ x S theory one may find the "closest" functions to (G.I6I satisfying the 



crossing relations (G.18) such that the quantum-deformed S- matrix (G.17) is consistent with YBE 



ri{9,k) =Po{9,k){l - ^ cothe + ^{5iTT coth^ - 40 cosech^e) + 0{^)) , 

2k 8fc2 fc3 ^Q-^g^i 



r2{0,k) =Po {0,k){^ coth 61 ^ (ivr coth^ 61-261 cosech ^6*) + O ( ^ ) ) , 

A; 2fc2 /(;3 



Similarly to the reduced AdS^ x theory these functions agree precisely with (G.17) at tree- level with a 
modification of the undressed terms at one-loop 

G.4 Symmetries 

The classical bosonic SO{N -I- 1)/S0{N) theories arise as the Pohlmeyer reductions of the string theory 
on Mt X 5"^+^ with S^+^ = SO{N + 2)/SO{N + 1). Their symmetries fall into two classes, depending on 
H = SO{N) being abelian or non-abelian. 

In the case of abelian H the symmetry group is given by 

iso(l, 1) ® ® f)(s^ (G.20) 

where the superscript (g) denotes the gauge symmetry. The fields on which the global part of the gauge 
symmetry has a linear action are field redefinitions of the fields on which the global H symmetry has a linear 
action. Therefore, the physical symmetry acting on on-shell states is 

iBo(l,l)©[). (G.21) 

In the abelian H case the perturbative S-matrix (including the determinant corrections arising from gauge- 
fixing etc.) satisfies the Yang-Baxter equation. 

In the case of non-abelian H the symmetry group is given by 

iso(l, 1) © fit^'' , (G.22) 

i.e. there is no additional global H symmetry. The perturbative S-matrix computed following 1, 2\ has a 
manifest symmetry given by the global part of the gauge group H. However, this S-matrix does not satisfy 
the Yang-Baxter equation already at the tree level. 

As in the examples discussed in section [5| we may expect the physical symmetry of these theories to be 
given by 

C/,(iso(l, 1) ® ()) . (G.23) 
In the case of the abelian H this quantum deformation should have no effect as the perturbative computation 



agrees with integrability results and satisfies the YBE [38 , ~23, [2] . In the non-abelian H case (section |G.3[ ) 
there are quantum-deformed S-matrices (e.g., (G.17), ( G.18| )) closely related to the perturbative S-matrix 



that satisfies the Yang-Baxter equation and have a quantum-deformed H symmetry. 
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